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^ ■ Abstract. This paper is devoted to mathematical and physical properties of the 
^ ■ Dirac operator and spectral geometry. Spin-structures in Lorentzian and Rieman- 
Q\ , nian manifolds, and the global theory of the Dirac operator, are first analyzed. 

Elliptic boundary-value problems, index problems for closed manifolds and for 
manifolds with boundary, Bott periodicity and K-theory are then presented. This 
makes it clear why the Dirac operator is the most fundamental, in the theory 
I of elliptic operators on manifolds. The topic of spectral geometry is developed 
d • by studying non-local boundary conditions of the Atiyah-Patodi-Singer type, and 
heat-kernel asymptotics for operators of Laplace type on manifolds with bound- 
ary. The emphasis is put on the functorial method, which studies the behaviour 
of differential operators, boundary operators and heat-kernel coefficients under 
conformal rescalings of the background metric. In the second part, a number 
of relevant physical applications are studied: non-local boundary conditions for 
massless spin- 1/2 fields, massless spin-3/2 potentials on manifolds with bound- 
ary, geometric theory of massive spin-3/2 potentials, local boundary conditions in 
quantum supergravity, quark boundary conditions, one- loop quantum cosmology, 
conformally covariant operators and Euclidean quantum gravity. 
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CHAPTER ONE 



DIRAC OPERATOR IN PHYSICS AND MATHEMATICS 



Abstract. This introductory chapter begins with a review of Dirac's original 
derivation of the relativistic wave equation for the electron. The emphasis in then 
put on spin-structures in Lorentzian and Riemannian manifolds, and on the global 
theory of the Dirac operator, to prepare the ground for the topics studied in the 
following chapters. 
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1.1 The Dirac equation 



In the development of theoretical physics, the Dirac operator finds its nat- 
ural place in the attempt to obtain a relativistic wave equation for the electron. 
Although we shall be mainly concerned with elliptic operators in the rest of our 
book, we thus devote this section to Dirac's original argument (Dirac 1928, Dirac 
1958). Indeed, it is well known that the relativistic Hamiltonian of a particle of 
mass m is 

H = c\J m?c^ +P1+P2+P3 ; (l-l-l) 
and this leads to the wave equation 



Po 



m?c^ + Pi + P2 + P3 



= 



(1.1.2) 



where the should be regarded as operators: 



ih 



d 



(1.1.3) 



Thus, multiplication of Eq. (1.1.2) on the left by the operator 



Po + V fn'^c^ +pI+pI+pI 



leads to the equation 



2 22222 
Pq-ui c -P1-P2-P3 



(1.1.4) 



which, being relativistically invariant, is a more appropriate starting point for a 
relativistic theory. Of course, equations (1.1.2) and (1.1.4) are not completely 
equivalent: every solution of Eq. (1.1.2) is also, by construction, a solution of Eq. 
(1.1.4), whereas the converse does not hold. Only the solutions of Eq. (1.1.4) 
corresponding to positive values of po are also solutions of Eq. (1.1.2). 
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However, Eq. (1.1.4), being quadratic in po, is not of the form desirable in 
quantum mechanics, where, since the derivation of Schrodinger's equation 



(1.1.5) 



one is familiar with the need to obtain wave equations which are linear in po- 
To combine relativistic invariance with linearity in po, and to obtain equivalence 
with Eq. (1.1.4), one looks for a wave equation which is rational and linear in 

Po,Pi,P2,P3: 



Po - ttlPl - 012P2 - ttsPS - 13 



•0 = 



(1.1.6) 



where a and {3 are independent of p. Since we are studying the (idealized) case 
when the electron moves in the absence of electromagnetic field, all space-time 
points are equivalent, and hence the operator in square brackets in Eq. (1.1.6) is 
independent of x. This implies in turn that a and /3 are independent of and 
commute with p and x operators. At a deeper level, a and (3 make it possible 
to obtain a relativistic description of the spin of the electron, i.e. an angular 
momentum which does not result from the translational motion of the electron. 
At this stage, one can multiply Eq. (1.1.6) on the left by the operator 



Pq -I- aipi + a2P2 + ctsPs + 13 ■ 



This leads to the equation 



Yl ^^iPi ~ + (^i)PiPj 



^{ai (3 + (3 ai)pi - (3"^ 



i=l 



= . 



(1.1.7) 



The equations (1.1.4) and (1.1.7) agree if ctj and /3 satisfy the conditions 



= 1 Vi = 1,2,3 , 



(1.1.8) 



cuj aj + aj ai = if i j , 



(1.1.9) 
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o1 2 2 

p = m c , 
ai P + P ai = Vi = 1, 2, 3 



(1.1.10) 
(1.1.11) 



Thus, on setting 



P^aomc , (1.1.12) 
it is possible to re-express the properties (1.1.8)-(1.1.11) by the single equation 

aa Oib + ai, aa = 2Sab Va, 6 = 0, 1,2,3 . (1.1.13) 

So far, we have found that, if Eq. (1.1.13) holds, the wave equation (1.1.6) is 
equivalent to Eq. (1.1.4). Thus, one can assume that Eq. (1.1.6) is the correct 
relativistic wave equation for the motion of an electron in the absence of a field. 
However, Eq. (1.1.6) is not entirely equivalent to Eq. (1.1.2), but, as Dirac first 
pointed out, it allows solutions corresponding to negative as well as positive values 
of pq. The former are relevant for the theory of positrons, and will not be discussed 
in our monograph, which focuses instead on mathematical problems in the theory 
of elliptic operators. 

To obtain a representation of four anticommuting ck's, as in Eq. (1.1.13), one 
has to consider 4x4 matrices. Following Dirac, it is convenient to express the a's 
in terms of generalized Pauli matrices (see below), here denoted by cri, (72, cs, and 
of a second set of anticommuting matrices, pi, P2, Ps say. Explicitly, one may take 



= Pi CTl , 

"2 = Pi 0-2 , 

"3 = Pi CTS , 

ao = P3 , 



(1.1.14) 

(1.1.15) 
(1.1.16) 
(1.1.17) 



where (Dirac 1958) 



CTl = 





1 







1 




















1 


Vo 





1 


oJ 



(1.1.18) 
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0-2 = 



0-3 = 



Pi = 



P2 



P3 = 
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(1.1.19) 



(1.1.20) 



(1.1.21) 



(1.1.22) 



(1.1.23) 



Note that both the p's and the u's are Hermitian, and hence the ct's are Hermitian 
as well. In this formalism for the electron, the wave function has four components, 
and they all depend on the four a;'s only. Unlike the non-relativistic formalism 
with spin, one has two extra components which reflect the ability of Eq. (1.1.6) 
to describe negative-energy states. 

By virtue of (1.1.14)-(1.1.17), Eq. (1.1.6) may be re-expressed as 



Po - Picr-p- psmc 







(1.1.24) 



The generalization to the case when an external electromagnetic field is present is 
not difficult. For this purpose, it is enough to bear in mind that 



Pb = mvb + -Ab V&= 0,1,2,3 
c 



(1.1.25) 
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where are such that Ai^dx^ is the connection one-form (or "potential") of the 
theory. By raising indices with the metric of the background space-time, one 
obtains the corresponding four-vector 



A' = g'-A, . (1.1.26) 

The desired wave equation of the relativistic theory of the electron in an external 
electromagnetic field turns out to be 

Po + -^0 -Pifo=,p+ -a) -psmcl V = . (1.1.27) 
L c \ c / J 

With this notation, the wave function should be regarded as a column vector with 

four rows, while its "conjugate imaginary", say is & row vector, i.e. a 1 x 4 
matrix, and obeys the equation 

rt 



Pq + -Aq- pi(a,p+-A)- p^m(\^Q , (1.1.28) 
c \ c / J 



where the momentum operators operate to the right. 



1.2 Spinor Fields in Lorentzian Manifolds 



A space-time (M, g) consists, by definition, of a connected, four-dimensional, 
Hausdorff C°° manifold M, jointly with a Lorentz metric ^ on M, and a time 
orientation given by a globally defined timelike vector field X : M ^ TM. Indeed, 
two Lorentzian metrics on M are identified if they are related by the action of 
the diffeomorphism group of M. One is thus dealing with equivalence classes of 
pairs (M, g) as a mathematical model of the space-time manifold (Hawking and 
Ellis 1973). If a Levi-Civita connection, say V, is given on M , the corresponding 
Riemann curvature tensor is defined by 

R{X,Y)Z = \/x'^yZ -VyVxZ -V[x,Y]Z . (1.2.1) 
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A curved space-time is a space-time manifold whose curvature tensor does not van- 
ish, and represents, according to Einstein's general relativity, a good mathematical 
model of the world we live in (Hawking and Ellis 1973). We are now aiming to give 
an elementary introduction to the theory of spinor fields in a curved space-time, 
as a first step towards the theory of spinor fields in Riemannian manifolds (whose 
metric is positive-definite, instead of being Lorentzian). 

For this purpose, recall that a vierbein is a collection of four oriented mutually 
orthogonal vectors e**, a = 0, 1, 2, 3, whose components e^** are related to the metric 
tensor gab by 

gabix) = e,'{x) e,\x) rj,i , (1.2.2) 

where i]-^ = diag(l, —1, —1, —1) is the Minkowski metric. The relation (1.2.2) is 
clearly preserved if the vierbein is replaced by its rotated form (Isham 1978): 

ea\x)^ej{x)n^%x) , (1.2.3) 

where is an arbitrary differentiable function on space-time, taking values in 
the group SO {3, 1). By definition, spinor fields in curved space-time are required 
to transform as Dirac spinors under this local gauge group. Thus, one assumes 
that 5'L (2, C)- valued functions exist, say S, such that 

A{S{x)) = Q{x) , (1.2.4) 

where A is the two-to-one covering map of SL{2,C) onto SO{3, 1). In the Dirac 
representation of SL{2, C), one has the matrix relation 

-^-Sa ^ = 7& ^^a' , (1.2.5) 

and the spinor fields transform as 

il^ix) S{x) i;{x) . (1.2.6) 
Covariant derivatives of spinor fields are defined according to the rules 

Wai^={_da + lBa)^p , (1.2.7) 
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(1.2.8) 



where Ba, called the spin-connection, has the transformation property 



B. 



a^SBaS-^+i(daS)s-^ , 



(1.2.9) 



and is defined by 



B., ^ -i?„ 



c d 

7 ,7 



(1.2.10) 



A suitable form of the components B^~^ is obtained from Christoffel symbols ac- 
cording to the rule 

Baci = ^'abec'e^^ + e^,e\^, . (1.2.11) 

By virtue of (1.2.7)-(1.2.11), the gauge-invariant Lagrangian for a (massive) Dirac 
field is 



£ = (dete) 



^ (V' 7c VaV'- (VaV')7c V') 



(1.2.12) 



Some remarks are now in order (Isham 1978). 



(i) Equation (1.2.4) does not hold, in general. The possibility to lift the arbitrary 
function Q from SO (3, 1), which is not simply connected, to its simply connected 
covering group 5'L(2,C), depends on the global topological structure of M. In 
other words, a necessary and sufficient condition for the existence of the SL{2, C)- 
valued function S occurring in Eq. (1.2.4) is that (Spanier 1966) 



7ri(M) = , 



(1.2.13) 



where 7ri(M) is the first homotopy group of space-time. The meaning of Eq. 
(1.2.13) is that the SO{3, 1) vierbein rotation Q, can be covered by a spinor gauge 
transformation if and only if any circle in M has an image in 50(3, 1) that can be 
contracted to a point. Indeed, if 



p:0G[O,27r]-.p(^) 



(1.2.14) 
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is a circle map in M (i.e. p(0) = p(27r)), then 

n:9e[0, 27t] ^ipi9)) (1.2.15) 

is a circle map in S0{3, 1), and if p belongs to the equivalence class [p] e 7ri(M ) 
of homotopically related maps, then 

denotes the homotopy class, in 7ri(S'0(3, 1)), of the map (1.2.15). Thus, if M is 
not simply connected, there may be functions Q, for which the condition (1.2.13) 
is not respected. 

(ii) The spin-connections corresponding to non-liftable vierbein rotations Q are 
obtained by gauge rotations similar, in form, to (1.2.9), but with Q replacing S. 
Thus, the gauge rotation can no longer be cancelled by a compensating transfor- 
mation of spinor fields. This leads in turn to a number of possible Lagrangians, 
each of which is SL{2,C) gauge-invariant, where the derivative terms in (1.2.12) 
are replaced by 

Vai^^(da+i^BaVL-^ -VLda^-'^i^ , (1.2.16) 

Wai^^(da-inBan-^ + ndan-^)i^ , (1.2.17) 

and e"'^ is replaced by i^'^ ^ e"*^, with ranging over the equivalence classes of 
gauge functions. The number of different Lagrangians turns out to coincide with 
the number of elements in the cohomology group H^{M; Z2). This is quite relevant 
for the path-integral approach to quantum gravity (cf. section 6.1), where one 
might have to "sum" over inequivalent vierbein gauge classes, as well as over 
metric tensors. 

A spinor structure in a Lorentzian four-manifold can be defined as a principal 
SL{2, C) bundle, say E, jointly with a bundle map / from E onto the principal 
5*0(3, 1) bundle ^ of oriented orthonormal frames (the vierbeins of the literature 
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on general relativity). The map / has to be compatible with both the SL{2,C) 
and SO{S, 1) actions, in that 



fipA) = f{p)A{A) 



(1.2.18) 



where p is any point in the bundle space of ^ is any SL{2, C) group element, 
and pA is the spin- frame into which p is taken under the action of A. More- 
over, f{p)K{A) is the orthonormal frame into which f{p) is taken by the 5(9(3, 1) 
element A(A). Spinor fields are then the cross-sections of the vector bundle as- 
sociated with the Dirac representation of SL{2,C) on C^. If spin-structures do 
not exist, one can, however, resort to the formalism of spin-c structures (Avis and 
Isham 1980). 



In the course of defining spin-structures on Riemannian manifolds, we want 
to give a precise formulation of the following basic ideas. One is given an oriented 
Riemannian manifold, say M. The tangent bundle of M, TM, has the rotation 
group SO{n) as structural group. If it is possible to replace SO{n) by its two- fold 
covering group Spin{n) (cf. appendix l.A for the case n = 3), one then says that 
M can be given a spin-structure. 

Following Milnor 1963, we start from a principal bundle, say ^, over a Rie- 
mannian manifold S, with total space denoted by E{^). The structural group of 
^ is assumed to be SO{n), where n can be any positive integer, including n = oo. 
By definition, a spin- structure on ^ is a pair (77, /) consisting of 

(i) A principal bundle rj over B, with total space E{r]) and structural group coin- 
ciding with Spin{n), i.e. the double covering of SO{n); 



1.3 Spin-Structures: Riemannian Case 



(ii) A map f : E{r]) ^ E{() such that 



f Pi= P2U X A) 



(1.3.1) 
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where A is the homomorphism from Spin{n) to SO{n), pi is the right action of 
Spin{n) and p2 is the right action of SO{n). In other words, there exist two 
equivalent ways to reach the total space of the given principal bundle ^ over B. 
First, one goes from E{r]) x Spin{n) to E(j]) via right translation, then using the 
projection map from E{r]) to E{^). However, one can also use the projection map 
/ X A from E{r]) x Spin{n) to E{^) x SO{n). At this stage, one takes advantage 
of right translation to go from E{^) x SO{n) to the total space of ^. A naturally- 
occurring question is how to identify (or distinguish among) spin-structures. The 
answer is contained in the definition according to which a second spin-structure 
on ^, say {j}' , /') should be identified with (ry,/) if there exists an isomorphism h 
from r]' to 77 such that f • h = f. 

In the particular case when n = 2, one deals with Spin{2), the two- fold 
covering group of the circle SO{2); when n = 1, one deals with Spin(l), a cyclic 
group of order 2. Useful examples are given by the tangent bundle of the two- 
sphere S"^. This has a unique spin-structure {r],f), where E{r]) is a three-sphere. 
The tangent bundle of the circle has instead two distinct spin-structures. 

If the reader is more familiar with (or prefers) cohomology classes, he may 
follow Hirsch and Milnor by giving the following alternative definition: 

A spin-structure on ^ is a cohomology class a e (^E{^); (here, of course, 

Z2 denotes the integers modulo 2), whose restriction to each fibre is a generator 
of the cyclic group ff-*^ (Fibre; Z2). 

In other words, the underlying idea is that each cohomology class belonging to 
determines a two-fold covering of E{^). It is precisely this two- 
fold covering space that should be taken as the total space E{r]). The condition 
involving the restriction to each fibre ensures that each fibre is covered by a copy 
of Spin{n), i.e. the unique two-fold covering of SO{n). It can be shown that the 
two definitions are completely equivalent, and hence one is free to choose among 
the two. 
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Remarkably, a necessary and suflBcient condition for an SO{n) bundle to be en- 
dowed with a spin-structure is that its second Stiefel- Whitney class, W2(0) should 
vanish. Further to this, if W2{^) = 0, the number of distinct spin-structures on ^ 
is equal to the number of elements in H^{B; Z-i). Indeed, if B is connected, this 
property follows from the exact sequence 

^ E^{B- Z2) ^ H\E{0; Z2) ^ H\SO{n); Z2) ^ H\B; Z2) , 

which can be extracted, in turn, from the spectral sequence of the fibration ^ 
(Milnor 1963). 

By definition, a spin-manifold consists of an oriented Riemannian manifold 
M, jointly with a spin-structure on TM, the tangent bundle of M. More explicitly, 
if FM denotes the space of oriented orthonormal n-frames on M, one can think of 
the spin-structure as being a cohomology class a e H^{FM; Z2), whose restriction 
to each fibre is non-trivial (for all integer values of n greater than 1). The resulting 
spin- manifold is then denoted by (M, a). In particular, if M is simply connected, 
so that cr is uniquely determined, one simply says that M itself is a spin-manifold. 

Dirac spinor fields on the n-dimensional manifold M"' are defined to be cross- 
sections of the vector bundle E'^ over M"^ with typical fibre C^^"'/^! and structure 
group Spin{n), where r is the fundamental spinor representation of Spin{n) (see 
section 1.4). 

When one makes explicit calculations, it is necessary to express a spinor 
field and its covariant derivative with respect to a (local) orthonormal frame 
{Ga}a=i n Components. Indeed, a metric connection u induces a 

spin-connection on M", i.e. a connection on the spin-structure Spin{M'^), and a 
covariant derivative for the cross-sections. Given a spinor, say i/j, the components 
of the spinor Ve^V' in ^ set of linearly independent local cross-sections of E'^ (such 
a set is called a local spinor frame, and is denoted by {Oa}) are given by 

(Ve>)^ = e«(V'^)-^a;„6e(s^'^)''^V''' , (1-3.2) 



13 



where ojabc are the connection coefficients in the frame Ba- As is well known, such 
coefficients are defined by the condition 

Ve„e6 = a;a6cec • (1.3.3) 

The matrices 11°'^ are the generators of the representation r of Spin{n). They can 
be expressed by the equation (cf. (1.2.10)) 

(1.3.4) 

where are Dirac matrices satisfying (cf. (1.1.13)) 

pa pb ^ pb pa ^ 2(5«''I . (1.3.5) 

With this notation, I is the unit matrix, the indices a, b range from 1 through n, 
and the Dirac matrices should be thought of as carrying yet further indices A,B: 




where A and B range from 1 through 2["^/^l. The action of the Dirac operator on 
a spinor is then defined by the equation 

W = r«Ve„ ip . (1.3.6) 

At this stage, it is appropriate to build a global theory of the Dirac operator in 
the elliptic case. This is performed in the following section (cf. section 2.4). 

1.4 Global Theory of the Dirac Operator 

In Riemannian four- geometries, the total Dirac operator may be defined as 
a first-order elliptic operator mapping smooth sections of a complex vector bun- 
dle to smooth sections of the same bundle. Its action on the sections (i.e. the 
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-\ob 



pa^pt 



spinor fields) is given by composition of Cfifford multipfication with covariant dif- 
ferentiation. To understand these statements, we first summarize the properties 
of connections on complex vector bundles, and we then use the basic properties 
of spin-structures which enable one to understand how to construct the vector 
bundle relevant for the theory of the Dirac operator. 

A complex vector bundle (Chern 1979) is a bundle whose fibres are isomorphic 
to complex vector spaces. Denoting by E the total space, by M the base space, 
one has the projection map n : E ^ M and the sections s : M ^ E such that the 
composition of n with s yields the identity on the base space: it ■ s = id-M- The 
sections s represent the physical fields in our applications. Moreover, denoting by 
T and T* the tangent and cotangent bundles of M respectively, a connection V is a 
map from the space of smooth sections of E, say r(£') (also denoted by C°°{M, E)), 
to the space of smooth sections of the tensor- product bundle T{T* E): 

V : T{E) r{T* ® E) , 

such that the following properties hold: 

V(si + S2) = Vsi + Vs2 , (1.4.1) 

V{fs)^df(^s + fVs , (1.4.2) 

where si, S2, s e ^{E) and / is any C°° function. The action of the connection V 
is expressed in terms of the connection matrix 6 as 

Vs = 90s . (1.4.3) 

If one takes a section s' related to s by 

s' = hs , (1.4.4) 

in the light of (1.4.2)-(1.4.4) one finds by comparison that 

9'h = dh + hd . (1.4.5) 
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Moreover, the transformation law of the curvature matrix 



Q = dd-eAe 



(1.4.6) 



is found to be 



Q' = hQh 



-1 



(1.4.7) 



We can now describe in more detail the spin-structures and the corresponding 
complex vector bundle acted upon by the total Dirac operator. Let X be a com- 
pact oriented differentiable n-dimensional manifold (without boundary) on which 
a Riemannian metric is introduced. Let Q be the principal tangential SO{n)- 
bundle of X. As we know from section 1.3, a spin-structure of X is a principal 
Spin{n)-hu.ndle P over X together with a covering map tt : P ^ Q such that the 
following commutative structure exists. Given the Cartesian product P x Spin{n), 
one first reaches P by the right action of Spin{n) on P, and one finally arrives 
at Q by the projection map tt. This is equivalent to first reaching the Cartesian 
product Q X SO in) by the map n x p, and finally arriving at Q by the right action 
of SO{n) on Q. Of course, by p we denote the double covering Spin{n) SO{n). 
In other words, P and Q as above are principal fibre bundles over X, and one has 
a commutative diagram with P x Spin{n) and P on the top, and Q x SO{n) and 
Q on the bottom. The projection map from P x Spin{n) to Q x SO{n) is tt x p, 
and the projection map from P to Q is tt. Horizontal arrows should be drawn to 
denote the right action of Spin{n) on P on the top, and of SO{n) on Q on the 
bottom. This coincides with the picture resulting from Eq. (1.3.1), apart from the 
different notation used therein. 

The group Spin{n) has a complex representation space E of dimension 2" 
called the spin-representation. If G e Spin{n), x e K", u e S, one has therefore 



where p : Spin{n) — » SO{n) is the covering map as we said before. If X is even- 
dimensional, i.e. n = 21, the representation is the direct sum of two irreducible 



G{xu) = GxG-^ ■ G{u) = p{G)x ■ G{u) 



(1.4.8) 
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representations 2=*= of dimension 2"^ ^. If X is a Spin{2l) manifold with principal 
bundle P, one can form the associated complex vector bundles 

= P X S+ , (1.4.9) 

= P X S- , (1.4.10) 

E = E^®E- . (1.4.11) 

Sections of these vector bundles are spinor fields on X . 

The total Dirac operator is a first-order elliptic differential operator D : 
T{E) — > r(£') defined as follows. Recall first that the Riemannian metric defines a 
natural S0{21) connection, and this may be used to give a connection for P. One 
may therefore consider the connection V at the beginning of this section, i.e. a 
linear map from r{E) to r{T* ^E). On the other hand, the tangent and cotangent 
bundles of X are isomorphic, and one has the map from r{T^E) ^{E) induced 
by Clifford multiplication (see section 2.1) The total Dirac operator D is defined 
to be the composition of these two maps. Thus, in terms of an orthonormal base 
Cj of T, one has locally 

Ds = ^ei(Vis) , (1.4.12) 

i 

where VjS is the covariant derivative of s e T{E) in the direction e^, and ei{ ) 
denotes Clifford multiplication. Moreover, the total Dirac operator D induces two 
operators 

D+ :T{E+) ^T{E-) , (1.4.13) 

D- : T{E-) T{E+) , (1.4.14) 

each of which is elliptic. It should be emphasized that ellipticity of the total and 
partial Dirac operators only holds in Riemannian manifolds, whereas it does not 
apply to the Lorentzian manifolds of general relativity and of the original Dirac's 
theory of spin-| particles (cf. sections 1.1 and 1.2). 
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l.A Appendix 



This appendix describes in detail the simplest example of two-to-one homo- 
morphism which is relevant for the theory of spin and spin-structures. Our pre- 
sentation follows closely the one in Wigner 1959, which relies in turn on a method 
suggested by H. Weyl. We begin with some elementary results in the theory of 
matrices, which turn out to be very useful for our purposes. 

(i) A matrix which transforms every real vector into a real vector is itself real, 
i.e. all its elements are real. If this matrix is applied to the kth unit vector (which 
has kth component = 1, all others vanishing), the result is the vector which forms 
the kth row of the matrix. Thus, this row must be real. But this argument can 
be applied to all k, and hence all the rows of the matrix must be real. 

(ii) It is also well known that a matrix O is complex orthogonal if it preserves 
the scalar product of two arbitrary vectors, i.e. if 



An equivalent condition can be stated in terms of one arbitrary vector: a matrix 
O is complex orthogonal if the length of every single arbitrary vector, say v, is left 
unchanged under transformation by O. Consider now two arbitrary vectors a and 
b, and write v — a + b. Then our condition for the complex orthogonality of O is 



(a, b) = {Oa, Ob) 



(1.A1) 



{v, v) = {Ov, Ov) 



(l.A.2) 



By virtue of the symmetry of the scalar product: (a, 6) = (6, a), this yields 

(a + 6,a + 6) = (a, a) + (6, 6) + 2 (a, 6) 
= (0a, Oa) + {Ob, Ob) + 2{Oa, Ob) . ( 



{l.A.2.) 



However, complex orthogonality also implies that (a, a) = {Oa, Oa) and (6, b) 
{Ob, Ob). It then follows from (1.A.3) that 



(a, b) = {Oa, Ob) 
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{1.A.4) 



which imphes that O is complex orthogonal. It can be shown, in a similar way, 
that U is unitary if only ({?, v) = {Uv, Uv) holds for every vector. 

By definition, a matrix which leaves each real vector real, and leaves the 
length of every vector unchanged, is a rotation. Indeed, when all lengths are equal 
in the original and transformed figures, the angles also must be equal; hence the 
transformation is merely a rotation. 

(iii) We now want to determine the general form of a two-dimensional unitary 
matrix 



c d 

of determinant +1 by considering the elements of the product 

uu^ = I . (l.yl.6) 

Recall that the ] operation means taking the complex conjugate and then the 
transposed of the original matrix. Thus, the condition (1.A.6) implies that 

a*c+6*d = , (1.^.7) 

which leads to c = —b*d/a*. The insertion of this result into the condition of unit 
determinant: 

ad-bc=l , (1.A.8) 

yields (^aa* + bb*^ d / a* = 1. Moreover, since aa* + bb* = 1 from (1.A.6), it follows 

that d — a* and c = —b*. The general two-dimensional unitary matrix with unit 
determinant is hence 

"=(-6. a-) ■ (l-^-^) 

where, of course, we still have to require that aa* + bb* = 1. Note that, if one 
writes a — yo + iys and b — yi + iy2, one finds 

detu ^yl+yj+yl+yl^l . 
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This is the equation of a unit three-sphere centred at the origin, which means that 
SU{2) has three-sphere topology and is hence simply connected (the n-sphere 
is simply connected for all n > 1). More precisely, SU{2) is homeomorphic to 

Consider now the so-called Pauli matrices: 



Every two-dimensional matrix with zero trace, say h, can be expressed as a linear 
combination of these matrices: 

h = xax + ycFy + zag = {r,a) . {1.A.13) 

Explicitly, one has 

X — ly z J 

In particular, if y, and z are real, then h is Hermitian. 

If one transforms h by an arbitrary unitary matrix u with unit determinant, 
one again obtains a matrix with zero trace, h = uhu^. Thus, h can also be written 
as a linear combination of ax,cry,(7z'- 

h = uhu^ = u(r, (j)u^ = x'ax + yoy -\- z = (r', cr) , (1.^1.15) 

a ^\( ~^ X + iy\ f a* —b\_f —z' x' + iy' 
-b* a* j \x - iy z J \b* a J ^ \x' - iy' z' 



(l.yl.16) 
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Equation (1.A.16) determines x'^y'^z' as linear functions of x,y,z. The transfor- 
mation Ru which carries r = {x, y, z) into RuT = r' = {x', y', z') can be found from 
Eq. (1.A.16). It is 

/ 1 / 2 , *2 ,2 7*2\ , W 2 *2 , ,2 

X = -\^a + a —b—b jx+-ya —a +b —b jy 

+ (a*b* + ab^z , (1.^.17) 

/ ^ f *2 2 I 7,2 7,*2N I 1 / 2 I *2 , ,2 I 7,*2^ 

y = 2\ ~ + ^ ~ ^ + ^ +b +b jy 

+ i(a*b*-aby , (1.^.18) 

z' = -(a*b + ab*)x + i{a*b-ab*)y + {aa* -bb*)z . (1.A.19) 
The particular form of the matrix i?^ does not matter; it is important only that 

x'^ + y'^ + z''^ = x^ + y^ + z'^ , (1.A.20) 

since the determinants of h and h are equal (u being an element of SU{2)). 
According to the analysis in (ii), this implies that the transformation i?^ must 
be complex orthogonal. Such a property can also be seen directly from (1.A.17)- 
(1.A.19). 

Moreover, h is Hermitian if h is. In other words, r' — {x',y',z') is real 
if r = {x,y,z) is real. This implies, by virtue of (i), that i?„ is pure real, as 
can also be seen directly from (1.A.17)-(1.A.19). Thus, Ru is a rotation: every 
two-dimensional unitary matrix u of unit determinant corresponds to a three- 
dimensional rotation R^; the correspondence is given by (1.A.15) or (1.A.16). 

It should be stressed that the determinant of i?^ is +1, since as u is changed 
continuously into a unit matrix, Ru goes continuously into the three-dimensional 
unit matrix. If its determinant were —1 at the beginning of this process, it would 
have to make the jump to +1. This is impossible, since the function "det" is 
continuous, and hence the matrices with negative determinant cannot be connected 
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to the identity of the group. As a corollary of these properties, Ru is a pure rotation 
for all u. 

The above correspondence is such that the product qu of two unitary matrices 
q and u corresponds to the product Rqu = Rq ■ Ru oi the corresponding rotations. 
According to (1.A.15), applied to q instead of u, 

q(r,c7)qt=(^i?,r,c7) , (1.A21) 

and upon transformation with u this yields 

uq(r, (j)q^u^ = u(i?gr, (j)u^ = {RuRqr, a) = {Ruqr, a) , (1.A.22) 

using (1.A.15) again, with RqV replacing r and uq replacing u. Thus, a homomor- 
phism exists between the group of two-dimensional unitary matrices of determinant 
+1 (the "unitary group") and three-dimensional rotations; the correspondence is 
given by (1.A.15) or (1.A.17)-(1.A.19). Recall, by the way, that a homomorphism 
of two groups, say Gi and G2, is a map : Gi — > G2 such that 

^{gi ■ 92) = ^{gi) ^{92) , 

ci>{g-') = imr' ■ 

However, we note that so far we have not shown that the homomorphism exists 
between the two-dimensional unitary group and the whole pure rotation group. 
That would imply that Ru ranges over all rotations as u covers the entire unitary 
group. This will be proved shortly. It should also be noticed that the homomor- 
phism is not an isomorphism, since more than one unitary matrix corresponds to 
the same rotation (see below). 

We first assume that u is a diagonal matrix, say Ui{a) (i.e. we set b — 0, and, 
for convenience, we write a = e~i°'). Then | |= 1 and a is real: 

ui(«)=(%'" J«) • (1.A23) 
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From (1.A.17)-(1.A.19) one can see that the corresponding rotation: 



cos a sin a 
R^^ = I -sina cosct | (1.A.24) 
1 



is a rotation about Z through an angle a. We next assume that u is real: 

u.(/5)=f^°1 -''i) . (1.A25) 
Vsmf cosf ; 

From (1.A.17)-(1.A.19) the corresponding rotation is found to be 



/ cos/3 — sin/3' 

1 1 , (1.^.26) 
y sin /? cos /3 



i.e. a rotation about Y through an angle p. The product of the three unitary ma- 
trices Ui(q;)u2(/3)ui(7) corresponds to the product of a rotation about Z through 
an angle 7, about Y through /3, and about Z through a, in other words, to a 
rotation with Euler angles a,/3,7. It follows from this that the correspondence 
defined in (1.A.15) not only specified a three-dimensional rotation for every two- 
dimensional unitary matrix, but also at least one unitary matrix for every pure 
rotation. Specifically, the matrix 

e-5° \/cosf -sinf\/e-5^ 



ei^y Vsinf cos | ^ V 

e 2"cos^e 2' — e a^sm^ea' 
6 2 sm^e 2' 62" cos ^62' 



(1.^.27) 



corresponds to the rotation {a(3^}. Thus, the homomorphism is in fact a homo- 
morphism of the unitary group onto the whole three-dimensional pure rotation 
group. 

The question remains of the multiplicity of the homomorphism, i.e. how 
many unitary matrices u correspond to the same rotation. For this purpose, it 
is sufficient to check how many unitary matrices uq correspond to the identity 
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of the rotation group, i.e. to the transformation x' = x,y' = y, z' = z. For 
these particular uq's, the identity UohuJ = h should hold for all h; this can only 

be the case when uq is a constant matrix: 6 = and a = a*, uq = ±1 (since 

2 2 

I a I + I 6 I = !)• Thus, the two unitary matrices +1 and —I, and only these, 
correspond to the identity of the rotation group. These two elements form an 
invariant subgroup of the unitary group, and those elements (and only those) 
which are in the same coset of the invariant subgroup, i.e. u and — u, correspond 
to the same rotation. Indeed, that u and — u actually do correspond to the same 
rotation can be seen directly from (1.A.15) or (1.A.17)-(1.A.19). 

Alternatively, one can simply note that only the half-Euler-angles occur in 
(1.A.27). The Euler angles are determined by a rotation only up to a multiple of 
27r; the half angles, only up to a multiple of tt. This implies that the trigonometric 
functions in (1.A.27) are determined only up to a sign. 

A very important result has been thus obtained: there exists a two-to-one ho- 
momorphism of the group of two-dimensional unitary matrices with determinant 
1 onto the three-dimensional pure rotation group: there is a one-to-one correspon- 
dence between pairs of unitary matrices u and — u and rotations in such a way 
that, from uq = t it also follows that RuRq = Rt] conversely, from RuRq = Rt, 
one has that uq = ±t. If the unitary matrix u is known, the corresponding rota- 
tion is best obtained from (1.A.17)-(1.A.19). Conversely, the unitary matrix for a 
rotation {aP^} is best found from (1.A.27) (Wigner 1959). 
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CHAPTER TWO 



DIFFERENTIAL OPERATORS ON MANIFOLDS 



Abstract. Clifford algebras play a key role in the definition of the Dirac operator. 
Thus, the chapter begins with a definition of the Clifford algebra of a vector space 
equipped with a non-degenerate quadratic form. Clifford groups and Pin groups 
are also briefly introduced. The following sections are devoted to the Laplace 
operator, the signature operator and an intrinsic definition of ellipticity and index. 
The chapter ends with a brief review of properties of the Dirac operator, first in 
Euclidean space and then on compact, oriented, even-dimensional Riemannian 
manifolds. 
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2.1 Clifford Algebras 



Let y be a real vector space equipped with an inner product ( , ), defined 
by a non-degenerate quadratic form Q of signature (p, q). Let TiV) be the tensor 
algebra of V and consider the ideal X in T{y) generated hy x ® x + Q{x). By 

definition, I consists of sums of terms of the kind aiS>^x iS> x + Q{x)^ <S> b, x e 

V,a,bET{V). The quotient space 

Cl{V) = Cl(V, Q) = T{V)/X (2.1.1) 

is the Clifford algebra of the vector space V equipped with the quadratic form 
Q. The product induced by the tensor product in T{V) is known as Clifford 
multiplication or the Clifford product and is denoted hj x ■ y, for x,y E CliV). 
The dimension of Cl{V) is 2"- if dim.{V) = n. A basis for Cl{V) is given by the 
scalar 1 and the products 

where |ei, ...,en| is an orthonormal basis for V. Moreover, the products satisfy 
(cf. (1.1.13)) 

ei ■ ej + ej ■ ei = i ^ j , (2-1-2) 
ei ■ ei = -2{e^,e^) i = l,...,n . (2.1.3) 
As a vector space, Cl{V) is isomorphic to A*(F), the Grassmann algebra, with 

There are two natural involutions on Cl{V). The first, denoted by a : Cl{V) — > 
Cl{V), is induced by the involution x — > —x defined on V, which extends to an 
automorphism of Cl{V). The eigenspace of a with eigenvalue +1 consists of the 
even elements of Cl{V), and the eigenspace of a of eigenvalue —1 consists of the 
odd elements of Cl{V). 
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The second involution is a map a; — > x*, induced on generators by 

where e,- are basis elements of V. Moreover, we define third involution 

of CliV), hyx = a{x^). 

One then defines Cl*(y) to be the group of invertible elements of Cl{V), and 
the Clifford group TiV) is the subgroup of Cl*(y) defined by 

V{V)=^^x eCr{V) -.y eV ^ a{x)yx-^ eV^ . (2.1.4) 

One can show that the map p : V V given by p{x)y — a{x)yx~^ is an isometry 
of V with respect to the quadratic form Q. The map x ^ \\x\\ = xx is the square- 
norm map, and enables one to define a remarkable subgroup of the Clifford group, 
i.e. (Ward and Wells 1990) 

Pin(F) =|a; e r(]/) : = ll . (2.1.5) 



2.2 Exterior Differentiation and Hodge-Laplace Operator 



Let X be an n-dimensional C°° manifold and let Q'^{X) denote the space of 
C°° exterior differential forms of degree qonX. One then has a naturally occurring 
differential operator d : f2^(X) f2^+-^(X) which extends the differential of a 
function. The sequence (Atiyah 1975a) 

^ Q^{x) n\x) ... ^ j]"(x) ^ 

is a complex in that = 0, and the main theorem of de Rham states that 
the cohomology of this complex is isomorphic to the cohomology of X, with real 
coefficients. In other words, if 71, is a basis for the homology in dimension q, 

27 



then a q-foim uj exists with dw = having prescribed periods 7^, and uj is unique 
modulo the addition of forms d9. In particular, if X = 3?"^, the corresponding 

Q'^{X) can be identified with maps 3?"^ — > A'^(3?"^*), and d becomes a constant- 
coefficient operator whose Fourier transform is exterior multiplication by i^, for 
C e (3fJ^)*. 

If X is compact oriented, and a Riemannian metric is given on X, one can 
define a positive-definite inner product on Q'^{X) by 

{u,v)= u^*v , (2.2.1) 
Jx 

where * : Q,'^{X) — > is the isomorphism given by the metric. By virtue 
of the identity 

d(^U/\ * — du/^ * V + {—lyu/^d* V , (2.2.2) 
where u E 0,'^,v E one gets 

/ du^*v + {-l)'^ / u^d*v = . (2.2.3) 
Jx Jx 

This implies 

{du, v) = (-1)«+1(m, *-'^d * v) . (2.2.4) 
Thus, the adjoint d* of d on 1]^ is given by 

d* = {-l)i+^*-^d* = e*d* , (2.2.5) 

where e may take the values ±1 depending on n, q. 

The corresponding Hodge-Laplace operator on is therefore defined as 

A = dd* + d*d , (2.2.6) 

and the harmonic forms are the solutions of Att = 0. The main theorem of 
Hodge theory is that is isomorphic to the q-ih de Rham group and hence to 
the Q-th cohomology group of X. 
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2.3 Index of Elliptic Operators and Signature Operator 



It is convenient to consider the operator d + d* acting on fl*{X) = 
Since d'^ = (rf*)^ = 0, one has A = {d + d*)'^ and the harmonic forms are also the 
solutions of {d + d*)u = 0. If wc consider d + d* as an operator O^^ Q'"^'^, its 
null-space is ©H^^, while the null-space of its adjoint is ©H^*^"*"^. Hence its index 
is the Euler characteristic of X. It is now appropriate to define elliptic differential 
operators and their index. 

Let us denote again by X a compact oriented smooth manifold, and by E, F 
two smooth complex vector bundles over X . We consider linear differential oper- 
ators 

D : T{E) T{F) , (2.3.1) 

i.e. linear operators defined on the spaces of smooth sections and expressible 
locally by a matrix of partial derivatives. Note that the extra generality involved in 
considering vector bundles presents no serious difficulties and it is quite essential in 
a systematic treatment on manifolds, since all geometrically interesting operators 
operate on vector bundles. 

Let T*{X) denote the cotangent vector bundle of X, 5'(X) the unit sphere- 
bundle in T*(X) (relative to some Riemannian metric), tt : >S'(X) — > X the pro- 
jection. Then, associated with D there is a vector-bundle homomorphism 

a{D) : Tr*E tt*F , (2.3.2) 

which is called the symbol of D. In terms of local coordinates, (7{D) is obtained 
from D replacing by i^j in the highest-order terms of D {^j is the jth coordinate 
in the cotangent bundle). By definition, D is elliptic if cri^D) is an isomorphism. Of 
course, this implies that the complex vector bundles E, F have the same dimension. 

One of the basic properties of elliptic operators is that Kcr D (i.e. the null- 
space) and Coker D = T{F)/DV{E) are both finite-dimensional. The index 7(-D) 
is defined by (Atiyah and Singer 1963) 

-i{D) = dim Ker D - dim Coker D . (2.3.3) 
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If D* : r(F) — > T{E) denotes the formal adjoint of D, relative to metrics in 
E,F,X, then D* is also elliptic and 

Coker D ^ Ker D* , (2.3.4) 

so that 

^{D) = dim Ker D - dim Ker D* . (2.3.5) 

Getting back to the definition of symbol, we find it helpful for the reader to 
say that, for the exterior derivative d, its symbol is exterior multiplication by i^, 
for A it is — 11^ II , and for d + d* it is iA^, where is Clifford multiplication by 

For a given a e AP(Sft2') ®SR C (recall that A'^{V) denotes the exterior powers 
of the vector space V), let us denote by r the involution 

T{a) = *a . (2.3.6) 

If n = 2Z, T can be expressed as z^a;, where oj denotes Clifford multiplication by 
the volume form *1. Remarkably, {d + d*) and r anti-commute. In the Clifford 
algebra one has ^uj = — a;^ for ^ e T*. Thus, if f]± denote the ±1 -eigenspaces of 
T, {d + d*) maps into Q~ . The restricted operator 

d + d*:n+^n_ , (2.3.7) 

is called the signature operator and denoted by A. If I = 2k, the index of this 
operator is equal to dim Ti+ — dim H- , where Ti.± are the spaces of harmonic forms 
in 0±. If g 7^ /, the space H'^ © Tif""^ is stable under r, which just interchanges 
the two factors. Hence one gets a vanishing contribution to the index from such a 
space. For q = I — 2k, however, one has t(q;) = i"^'~^)+^*Q; = *a for a e VtK One 
thus finds 

index A = dim H^^ - dim UL , (2.3.8) 

where are the ±l-eigenspaces of * on Thus, since the inner product in 
is given by j Uf^*v, one finds 

index A = Sign(X) , (2.3.9) 
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where Sign(X) is the signature of the quadratic form on H^^{X;^). Hence the 
name for the operator A. 

It is now worth recalling that the cup-product is a very useful algebraic struc- 
ture occurring in co ho mo logy theory. It works as follows. Given [u] G Hp{M;^) 
and [u] e iy^(M;3?), then one defines the cup- product of [a;] and [u], written 
MUM, by 

[w] IjM = [ujAu] . (2.3.10) 

The right-hand-side of (2.3.10) is a (p + ?)-form so that [uj A u] e HP+i{M; 3?). 
One can check, using the properties of closed and exact forms, that this is a well- 
defined product of cohomology classes. The cup- product [J is therefore a map of 
the form 

IJ : HP{M; ?R.) x m{M; ?R.) HP+i{M; ^) . (2.3.11) 
If the sum of all cohomology groups, H*{M; 3?), is defined by 

H*(M; 3?) = ®pyoHP{M; 3?) , (2.3.12) 
the cup-product has the neater looking form 

[j: H*{M-^) X H*{M-^) ^ H*{M-^) . (2.3.13) 

The product on H*{M; 3?) defined in (2.3.13) makes H*{M; 3?) into a ring. It can 
happen that two spaces M and have the same cohomology groups and yet are 
not topologically the same. This can be proved by evaluating the cup-product IJ 
for iy*(M;3?) and H*{N;^), and showing that the resulting rings are different. 
An example is provided by choosing M = S'^ x and N = CP^. 

2.4 Dirac Operator 

We begin our analysis by considering Euclidean space 3?^^^. The Clifford 
algebra C2k of section 2.1 is a full matrix algebra acting on the 2''-dimensional spin- 
space S. Moreover, S is given by the direct sum of and S~ , i.e. the eigenspaces 
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of a; = eie2...e2fc, and lj = on S^. Let us now denote hj Ei, E2k the linear 
transformations on S representing ei, e2k- The Dirac operator is then defined 
as the first-order differential operator 

D^Y.E.£ , (2.4.1) 

and satisfies — — A-/, where / is the identity of spin-space. Note that, since the 
Cj anti-commute with uj, the Dirac operator interchanges the positive and negative 
spin-spaces, S'^ and S~ (cf. appendix 6. A). Restriction to S'^ yields the operator 

B :C°°(^^'^'',S+') ^C°°(^^'^'',S-') . (2.4.2) 

Since Ef = —1, in the standard metric the Ei are unitary and hence skew-adjoint. 
Moreover, since is also formally skew- adjoint, it follows that D is formally 
self-adjoint, i.e. the formal adjoint of B is the restriction of D to S~ . 

The next step is the global situation of a compact oriented 2A;-dimensional 
manifold X. First, we assume that a spin-structure exists on X. From section 
1.3, this means that the principal SO{2k) bundle P of X, consisting of oriented 
orthonormal frames, lifts to a principal Spin(2/c) bundle Q, i.e. the map Q ^ P 
is a double covering inducing the standard covering Spin(2A;) S0{2k) on each 
fibre. If are the two half-spin representations of Spin(2A;), we consider the 
associated vector bundles on X: E^ = Q Xspin(2fc) S"^. Sections of these vector 
bundles are the spinor fields on X. The total Dirac operator on X is a differential 
operator acting on E = E^ © E~ and switching factors as above. To define D we 
have to use the Levi-Civita connection on P, which lifts to one on Q. This enables 
one to define the covariant derivative 

V ■.C°^[x,E^ ^ C°°(^X,E®T*^ , (2.4.3) 
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and D is defined as the composition of V with the map C°°{X,E (g) T* j — > 

C°^{X, E) induced by Chfi'ord multiplication. By using an orthonormal base of 
T at any point one can write (see (1.4.12)) 

2k 

Ds = Y^e,V^s , (2.4.4) 

i=l 

where V^s is the covariant derivative in the direction e^, and ej( ) denotes Chffbrd 
multiphcation. By looking at symbols, D is skew-adjoint. Hence D — D* is an 
algebraic invariant of the metric and it only involves the first derivatives of g. 
Using normal coordinates one finds that any such invariant vanishes, which implies 
D = D*, i.e. D is self-adjoint. 

As in Euclidean space, the restriction of D to the half-spinors E'^ is denoted 

by 

B :C°^(x,E+^ ^C°^(x,E-^ . (2.4.5) 
The index of the restricted Dirac operator is given by 

index B = dim 7^+ - dim n~ , (2.4.6) 

where H"^ are the spaces of solutions of Du = 0, for w a section of E"^. Since D 
is elliptic and self-adjoint, these spaces are also the solutions of D^u — 0, and are 
called harmonic spinors. 

2.5 Some Outstanding Problems 

In the mathematical and physical applications of elliptic operators, one studies 
a mathematical framework given by (complex) vector bundles over a compact 
Riemannian manifold, say M, where M may or may not have a boundary. The 
latter case is simpler and came first in the (historical) development of index theory. 
The investigations in Atiyah and Singer 1968a, Atiyah and Segal 1968, Atiyah and 
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Singer 1968b, Atiyah and Singer 1971a-b, proved that the index of an eUiptic 
operator (in general, one deals with elliptic systems) is obtained by integrating 
over the sphere-bundle of M a suitable composition of the Chern character with 
the Todd class of M (see section 3.1). In other words, a deep relation exists 
between the dimensions of the null-spaces of an elliptic operator and its adjoint 
on one hand, and the topological invariants of the fibre bundles of the problem on 
the other hand. 

The classical Riemann-Roch problem, which is concerned with giving a for- 
mula for the dimension of the space of meromorphic functions on a compact Rie- 
mann surface, having poles of orders < Vi at points P^, may be viewed as an index 
problem. In other words, the solution of the index problem in general is equiv- 
alent to finding an extension of the Riemann-Roch theorem from the domain of 
holomorphic function theory to that of general elliptic systems (Atiyah 1966). In 
general, one has to find suitable topological invariants of the pair (M, D), where M 
is the base manifold and D is the elliptic operator. Moreover, the explicit formula 
for index (D) has to be expressed in terms of these invariants. In the particular 
case of the Riemann-Roch theorem, the desired topological invariants turn out to 
be the genus, and the degree of ^iPi- 

It is now instructive to gain a qualitative understanding of why an elliptic 
operator, say D, defines invariants of the characteristic class type (Atiyah 1966). 
For this purpose, let us recall that a homogeneous, constant coefficient, N x N 
matrix of differential operators 



If this condition holds, P defines a map ^ — > -P(C) of S'^~^ into GL{N, C), where 
S'^~^ is the unit sphere in 3?". This is why the homotopy (and hence the homol- 
ogy) of GL{N,C) enters into the study of elliptic operators. Now, according to 




(2.5.1) 



is elliptic if, for ^ = (^i, ^n) (and real) one has 



det P(6,...,U ^0 



(2.5.2) 
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the Bott periodicity theorem (Bott 1959, Atiyah and Bott 1964), the homotopy 
groups 7rn-i{GL{N, C)) are for n odd, and isomorphic to the integers for n even, 
provided that 2N > n (see also section 3.6). Thus, if n is even and 2N > n, P 
defines an integer which may be called its degree. Such a degree may be evaluated 
explicitly as an integral 

where uj{P) is a differential expression in P generalizing the familiar formula 
2^ Jgi The use of these invariants of a general elliptic operator £>, jointly 
with the ordinary characteristic classes of M, can give an explicit formula for 
index(Z)), which is indeed similar to that occurring in the Riemann-Roch formula. 
As Atiyah (1966) put it, the deeper underlying reason is that, as far as the topology 
is concerned, the classical operators are just as complicated as the most general 
ones, so that the Riemann-Roch formula contains relevant information about the 
general case. 

If one is interested in the actual proof of the index theorem (cf. section 3.1), 
one can say that, when M is a simple space like a sphere, Bott's theorem can 
be used to deform D into a standard operator, whose index may be computed 
directly. Moreover, if M is complicated, one can embed M in a sphere S, and 
construct an elliptic operator, say D' , on S, such that 

index(i:>) = index(i:>') . (2.5.3) 

Thus, reduction to the previous case is possible. However, even if one starts with 
a "nice" operator on M (for example, if D results from a complex structure), it 
is not possible, in general, to get a nice operator D' on S. Thus, the consider- 
ation of operators which are neither "nice" nor classical is indeed unavoidable. 
The topology of linear groups and the analysis of elliptic operators share impor- 
tant properties like linearity, stability under deformation, and finiteness. It was 
suggested in Atiyah 1966 that all this lies at the very heart of the close relation 
between these branches of mathematics. In the following chapters, we shall also 
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study index problems for manifolds with boundary, and their deep link with general 
properties of complex powers of elliptic operators, and the asymptotic expansion 
of the integrated heat-kernel (of. Piazza 1991, Piazza 1993). 
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CHAPTER THREE 



INDEX PROBLEMS 



Abstract. This chapter begins with an outhne of index problems for cfosed man- 
ifolds and for manifolds with boundary, and of the relation between index theory 
and anomalies in quantum field theory. In particular, the index of the Dirac op- 
erator is evaluated in the presence of gauge fields and gravitational fields. The 
result is expressed by integrating the Chern character and the Dirac genus. Inter- 
estingly, anomaly calculations turn out to be equivalent to the analysis of partition 
functions in ordinary quantum mechanics. The chapter ends with an introductory 
presentation of Bott periodicity and K-theory, with the aim of describing why 
the Dirac operator is the most fundamental, in the theory of elliptic operators on 
compact Riemannian manifolds. 
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3.1 Index Problem for Manifolds with Boundary 



Following Atiyah and Bott 1965, this section is devoted to some aspects of the 
extension of the index formula for closed manifolds, to manifolds with boundary. 
The naturally occurring question is then how to measure the topological implica- 
tions of elliptic boundary conditions, since boundary conditions have of course a 
definite effect on the index. 

For example, let X be the unit disk in the plane, let Y be the boundary of X, 
and let 6 be a nowhere- vanishing vector field on Y. Denoting by D the Laplacian 
on X, we consider the operator 



By definition, {D,b) sends / into Df © {bf \ Y), where bf is the directional 
derivative of / along b. Since D is elliptic and b is non-vanishing, kernel and 
cokernel of {D, b) are both finite-dimensional, hence the index of the boundary- 
value problem is finite. One would now like it to express the index in terms of the 
topological data given by D and the boundary conditions. The solution of this 
problem is expressed by a formula derived by Vekua (Hormander 1963), according 
to which 



It is now necessary to recall the index formula for closed manifolds, and this is 
here done in the case of vector bundles. From now on, X is the base manifold, Y its 
boundary, T{X) the tangent bundle oi X, B = B{X) the ball-bundle (consisting 
of vectors in T{X) of length < 1), S' = S{X) the sphere-bundle of unit vectors in 
T{X). Of course, if X is a closed manifold (hence without boundary), then S{X) 
is just the boundary of B{X), i.e. 



{D, b) : C°^{X) C°^{X) © C°^{Y) 



(3.1.1) 




(3.1.2) 



dB{X) = S{X) iidX^0 



(3.1.3) 
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However, if X has a boundary Y, then 

dB{X) = S{X)UB{X)\Y , (3.1.4) 

where B{X) \ Y is the subspace of B{X) lying over Y under the natural map 
TT : B{X) X. 

We now focus on a system of k linear partial differential operators, i.e. 

k 

Dfi = Y,A,,fj , (3.1.5) 

defined on the n-dimensional manifold X. As we know from section 2.3, the 
symbol of is a function a{D) on T*{X) attaching to each cotangent vector A of 
X, the matrix a{D : A) obtained from the highest terms of Aij by replacing 
with (iA)". Moreover, the system D is elliptic if and only if the function a{D) 
maps S{X) into the group GL{k,C) of non-singular k x k matrices with complex 
coefficients. Thus, defining 

GL= lim GL{m,C) , (3.1.6) 

m— >oo 

the symbol defines a map (cf. appendix 3. A) 

a{D) : S{X) GL . (3.1.7) 

Since the index of an elliptic system is invariant under deformations, on a closed 
manifold the index of D only depends on the homotopy class of the map cr(D). 

To write down the index formula we are looking for, one constructs a definite 
differential form ch = Ylii on GL. Note that, strictly, we define a differential 
form ch{m) on each GL{m, C) (see Eqs. (3.B.12) and (3.B.13) for the Chern 
character). Moreover, by using a universal expression in the curvature of X , one 
constructs the Todd class of TX, denoted by td{X), as in (3.B.16). The index 
theorem for a closed manifold then yields the index of D as an integral 

mdex{D)= [ a{D)* chATT*td{X) . (3.1.8) 

JS{X) 
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With our notation, a{D)*ch is the form on GL pulled back to S{X) via cr{D). By- 
virtue of (3.1.3), the integral (3.1.8) may be re- written as 



In this form the index formula is also meaningful for a manifold with boundary, 
provided that (j{D), originally defined on S{X), is extended to dB{X). It is indeed 
in this extension that the topological data of a set of elliptic boundary conditions 
manifest themselves. Following Atiyah and Bott 1965, we may in fact state the 
following theorem (cf. Booss and Bleecker 1985): 

Theorem 3.1.1 A set of elliptic boundary conditions, B, on the elliptic system 
D, defines a definite map a{D, B) : dB{X) — > GL, which extends the map cr(D) : 
S{X) GL to the whole of dB{X). 

One thus finds an index theorem formally analogous to the original one, in that 
the index of D subject to the elliptic boundary condition B is given by 



One can thus appreciate a key feature of index theorems: they relate analytic 
properties of differential operators on fibre bundles to the topological invariants of 
such bundles (i.e. their characteristic classes). As will be shown in the following 
sections, the relevance of index theorems for theoretical physics lies in the possi- 
bility to evaluate the number of zero-modes of differential operators, if one knows 
the topology of the fibre bundles under consideration. 



Although this section is (a bit) technical, it is necessary to include it for the 
sake of completeness. Relevant examples of elliptic boundary- value problems (see 
appendix 3. A) will be given in chapters 5-10. 




(3.1.9) 




(3.1.10) 



3.2 Elliptic Boundary Conditions 
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Following Atiyah and Bott 1965, let D be a A; x A; elliptic system of differential 
operators on X, and let r denote the order of D. The symbol cr{D) is a function 
on the cotangent vector bundle T*{X) whose values are [k x /c)-matrices, and 
its restriction to the unit sphere- bundle S{X) takes non-singular values. For our 
purposes, it is now necessary to consider a system B of boundary operators (cf. 
(5.1.18)) given by an Z x A; matrix with rows bi, ...,bi of orders ri, r/ respectively. 
We now denote by a{bi) the symbol of bi, and by cr{B) the matrix with a{bi) as 
i-th row. At a point of the boundary y of X, let be the unit inward-pointing 
normal and let y denote any unit tangent vector to Y. One puts 

ay{D){t)^a{D){y + tu) , (3.2.1) 

ay{B){t)^a{B){y + tu) , (3.2.2) 

so that cry{D) and (Ty{B) are polynomials in t. It then makes sense to consider 
the system of ordinary linear equations 

^.(^)(-^^)« = , (3.2.3) 

whose space of solutions is denoted by M.y. The ellipticity of the system D means, 
by definition, that My can be decomposed as 

My = M+®My , (3.2.4) 

where A4y consists only of exponential polynomials involving e'^^* with Im(A) > 0, 
and My involves those with Im(A) < 0. The ellipticity condition for the system 
of boundary operators, relative to the elliptic system of differential operators, is 
that the equations (3.2.3) should have a unique solution u e My satisfying the 
boundary condition (cf. appendix 3. A) 

ayiB)(^-i^y\,^, = V , (3.2.5) 

for any given V E 
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Now a lemma can be proved, according to which a natural isomorphism of 
vector spaces exists between M+, the cokernel of ay{D)(t), and M.y: 

M+ ^ M+ . (3.2.6) 

Hence the elliptic boundary condition yields an isomorphism 

P+ : M+ ^ . (3.2.7) 

The set of all M+, for y e ^(1"), forms a vector bundle M+ over S{Y), and (3.2.7) 
defines an isomorphism (3~^ of with the trivial bundle S{Y) x CK 

Possible boundary conditions are differential or integro-differential. If only 
differential boundary conditions are imposed then the map Py , regarded as a 
function of y, cannot be an arbitrary continuous function. To obtain aZ/ continuous 
functions one has to enlarge the problem and consider integro-differential boundary 
conditions as well. This is, indeed, an important topological simplification. Thus, 
an elliptic problem (D, B) has associated with it cr{D), M""", Z?"*", where /J"*" can be 
any vector-bundle isomorphism of M'^ with the trivial bundle. 



3.3 Index Theorems and Gauge Fields 



Anomalies in gauge theories, and their relation to the index theory of the 
Dirac operator, are a key topic in the quantization of gauge theories of fundamen- 
tal interactions. The aim of this section is to introduce the reader to ideas and 
problems in this field of research, following Atiyah 1984 and then Alvarez-Gaume 
1983b. 

The index theorem is concerned with any elliptic differential operator, but 
for physical applications one only needs the special case of the Dirac operator. 
From chapter 1, we know that this is globally defined on any Riemannian mani- 
fold (M, g) provided that M is oriented and has a spin-structure. If M is compact. 
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the Dirac operator is elliptic, self-adjoint, and has a discrete spectrum of eigenval- 
ues. Of particular interest is the 0-eigenspace (or null-space). By definition, the 
Dirac operator acts on spinor fields, and it should be emphasized that there is a 
basic algebraic difference between spinors in even and odd dimensions. In fact in 
odd dimensions spinors belong to an irreducible representation of the spin-group, 
whereas in even dimensions spinors break up into two irreducible pieces, here de- 
noted by S'^ and S~. The Dirac operator interchanges these two, hence it consists 
essentially of an operator (cf. section 1.4) 

D:S+^S- , (3.3.1) 

and its adjoint 

D* :S- . (3.3.2) 

The dimensions of the null-spaces of D and D* are denoted by N'^ and N~ 
respectively, and the index of D (cf. Eqs. (2.3.3)-(2.3.5)) is defined by 

index(i:») = N+ -N- . (3.3.3) 

Note that, although a formal symmetry exists between positive and negative 
spinors (in fact they are interchanged by reversing the orientation of M), the 
numbers A^"*" and need not be equal, due to topological effects. Hence the 
origin of the chiral anomaly (cf. Rennie 1990). 

The index theorem provides an explicit formula for index(D) in terms of 
topological invariants of M. Moreover, by using the Riemannian metric g and its 
curvature tensor R{g)., one can write an explicit integral formula 

index(L>) = I n{R{g)) , (3.3.4) 
Jm 

where f2 is a formal expression obtained purely algebraically from R{g). For ex- 
ample, when M is four-dimensional one finds 

TV I 
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where uj is regarded as a matrix of two-forms. Interestingly, the index formula 
(3.3.4) is, from the physical point of view, purely gravitational since it only involves 
the metric g. Moreover, the index vanishes for the sphere or torus, and one needs 
more complicated manifolds to exhibit a non- vanishing index. However, (3.3.4) can 
be generalized to gauge theories. This means that one is given a complex vector 
bundle V over M with a unitary connection A. If the fibre of V is isomorphic with 
C^, then ^ is a U{N) gauge field over M. The extended Dirac operator now acts 
on vector-bundle-valued spinors 

Da: S+ 0V ^ S- 0V , (3.3.6) 

and one defines again the index of Da by a formula like (3.3.3). The index formula 
(3.3.4) is then replaced by 

indexf Da) n{R{g),F{A)) , (3.3.7) 

where F(A) is the curvature of A, and ri(i?, F) is a certain algebraic expression in 
R and F. For example, if M is four-dimensional, (3.3.5) is generalized by 

We now find it instructive, instead of giving a brief outline of a wide range 
of results (see, for example, Rennie 1990 and Gilkey 1995), to focus on a specific 
but highly non-trivial example. Following Alvarez-Gaume 1983b, we deal (again) 
with the Dirac equation in the presence of external gauge and gravitational fields. 
The motivations of our investigation lie in the deep link between supersymmetry 
and the Atiyah-Singer index theorem. Indeed, if one considers supersymmetric 
quantum mechanics, which may be viewed as a (0-1-1 )-dimensional field theory, 
one finds that this theory has N conserved charges, say Qi, which anticommute 
with the fcrmion number operator (— l)-'^, and which satisfy the supersymmetry 
algebra (for all i, j = 1, N): 

{Qi,Q*}^26ijH , (3.3.9) 
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{Qi, (-1)^1 = , (3.3.10) 
{Qi,Qj} = , (3.3.11) 

where H is the Hamiltonian of super symmetric quantum mechanics. If Q,Q* are 
any of the N supersymmetric charges, the operator 

S=^{Q + Q*) (3.3.12) 

is Hermitian and satisfies S'^ = H. Moreover, if | E) is an arbitrary eigenstate of 
H: 

H\E)^E\E) , (3.3.13) 

then S \ E) is another state with the same energy. Thus, if | E') is a bosonic state, 
5" I i?) is fermionic, and the other way around, and non-zero energy states in the 
spectrum appear in Fermi-Bose pairs. This in turn imphes that Tr(— l)^e~^^ 
receives contributions only from zero-energy states. Further to this, the work 
in Witten 1982 has shown that Tr(— l)-'^e~'''^ is a topological invariant of the 
quantum theory. Bearing in mind that bosonic zero-energy states, say | S), are, 
by definition, solutions of the equation 

Q I S) = , (3.3.14) 

and fermionic zero-modes solve instead the equation 

Q* I F) = , (3.3.15) 

one finds that 

Index(g) = dim Ker Q - dim Ker Q* = Tr [(-l)^e-'^-^] . (3.3.16) 

The problem of finding the index of Q is therefore reduced to the evaluation of 
the trace on the right-hand side of Eq. (3.3.16) in the /3 — > limit. The idea of 
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Alvarez-Gaume (1983a-b) was to perform this calculation with the help of a path- 
integral representation of the partition function, with periodic boundary conditions 
for fermionic fields: 

Tr [(-l)^e-^^] = / d(j){t) diPit) e^p - f\E{t)dt , (3.3.17) 

jQp Jo 

where and ip are required to belong to the class f2/3 of fermionic fields, say x? 
such that 

X(0)=x(/?) • (3.3.18) 

The next non-trivial step is to use the Lagrangian of the supersymmetric non-linear 
cr-model obtained by dimensional reduction from 1 + 1 to + 1 dimensions: 

1 • • i 

+ \RiiMri^{^2^2 ■ (3-3.19) 

With this notation, gij is the metric on the manifold M, F*^.^ are the Christoffel 

symbols, R'jki is the Riemann tensor of M, V'alO ^^^^ anticommuting fermionic 
fields (a = 1,2). 

Since our ultimate goal is the analysis of the Dirac equation in the presence 
of gauge fields, it is now appropriate to consider a gauge group, say G, acting on 
M, with gauge connection Af{(j)) and gauge curvature 

F% (0) = d,A'^ - d^At + hr^^ A] , (3.3.20) 

where h is the gauge coupling constant and Greek indices range from 1 through 
dim(G). In the explicit expression of the first-order derivative resulting from the 
Dirac operator, one has now to include both the effects of Af and the contribution 
of the spin-connection, say uj\. In terms of the vierbein (cf. section 1.2), and 
of its dual E\: 

E\e-^ = 5\ , (3.3.21) 
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one has 

u;% = -E\(die\-T\,e-i) , (3.3.22) 
and the eigenvalue problem for the Dirac operator reads 

^7' (dk + luJkab(T''^ + ^M^T") (V'a) ^ = a (V'a) ^ . (3.3.23) 

In Eq. (3.3.23), one has (cf. (1.2.10)) d"'' = ^ 

generators of the representation of G, with indices A, B ranging from 1 through 
dim(T). The reader should be aware that our o, h indices, here used to follow the 
notation in Alvarez-Gaume 1983b, correspond to the hatted indices of section 1.2. 

We are eventually interested in the one-dimensional analogue of Eq. (3.3.23). 
For this purpose, we consider a pair of fermionic annihilation and creation opera- 
tors, say Cai C\: 

{Ca,Cb} = {C\,C%}^Q , (3.3.24) 
{CI,Cb} = 5ab . (3.3.25) 
They lead to the eigenvalue equation 

i^'' (dk + ^oJkab^j"" + ihA'^C^Tc) I V') = A I V) • (3.3.26) 

Interestingly, if | ■0, A) is an eigenfunction of the Dirac operator with eigenvalue 
A 7^ 0, then 75 | V') A) turns out to be the eigenfunction belonging to the eigenvalue 
—A. Thus, since (hereafter, V = i-i^Dk) [^'^ 75] = 0, one finds (see (3.3.16)) 

= n£=o(75 = 1) - "■£=0(75 = -1) , (3.3.27) 

where nE^o{lb = 1) and n_E=o(75 = —1) denote the number of zero-eigenvalues 
of T> with 75 = 1 and 75 = —1, respectively. On writing this equation, we have 
recognized that (—1)^ = 75 in four dimensions. Now the Euclidean Lagrangian is 
inserted into the path-integral formula (3.3.17), with the understanding that func- 
tional integration is restricted to the space of one-particle states for the (C, C*) 
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fermions. This restriction is indeed necessary to ensure that the index of V is 
evaluated only in the representation T"' of the gauge group G. The boundary con- 
ditions are now (3.3.18) for cf) and '0, jointly with antiperiodic boundary conditions 
for fermionic operators: 

C(0) = -C(/3) , C*(0) = . (3.3.28) 

Moreover, the background-field method is used, writing (recall that ij)"' = V*) 

r = <pi+e , r = ro+'n- ■ (3.3.29) 

The underlying idea is that, in the — > limit, the functional integral is dominated 
by time-independent field configurations (pQ and V'o- The terms and ry" are then 
the fluctuations around the constant background values, according to (3.3.29). 
Omitting a few details, which can be found in Alvarez-Gaume 1983b and references 
therein, one obtains 

index(P) = {i/2ny J dvol J di/jo (Trexp(^ - ^VoV^o^afe^") 

xTT ^y^]^ , (3.3.30) 



1-- 



sinh(ia;;/2) ' 



where (27r)~" results from the Feynman measure for constant modes, (i)" is due 
to integration over constant real- valued fermionic configurations, and the xi are 
the eigenvalues of the matrix ^Rabcd V'o V'o- Note that, considering the Riemann 
curvature two-form 

Rab = lRabcde' /ye"^ , (3.3.31) 
and the gauge curvature two-form 

F = T" A , (3.3.32) 

one can form the polynomials (cf. appendix 3.B) 

ch{F) = Tr e^/^"" , (3.3.33) 
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^ ' smh(a;a/47r) ^ ' 

In the definition (3.3.33), the trace is taken over the representation of G, 
and in (3.3.34) the lOq, are the eigenvalues of the antisymmetric matrix (3.3.31). 
According to a standard notation, ch{F) is the Chern character of the principal 
bundle associated to the gauge field, and A{M) is the Dirac genus of M. They 
make it possible to re-express the result (3.3.30) in the neat form (cf. (3.1.8)) 

index(P)= / ch{F)A{M) . (3.3.35) 
Jm 

In particular, if M is four-dimensional, Eq. (3.3.35) leads to (cf. (3.3.7)) 

index(P) = ^f™^^ [ TtRAR + [ TrF AF . (3.3.36) 

IQZTT^ J OTT^ J 

As Alvarez-Gaume (1983b) pointed out, this calculation has great relevance for the 
theory of anomalies in quantum field theory. Indeed, anomaly calculations involve 
usually traces of the form V'n(^) i^n{x), where L is a differential or algebraic 
operator, and the il)'^s are eigenfunctions of the Dirac operator in the presence 
of external fields (either gravitational or gauge fields). The analysis leading to 
(3.3.36) has shown that such traces can be turned into functional integrals for one- 
dimensional field theories. In other words, anomaly calculations are equivalent to 
the analysis of partition functions in quantum mechanics (Alvarez-Gaume 1983b). 

Indeed, another definition of index is also available in the literature. This is 
motivated by the analysis of a family D of elliptic operators D^, parametrized by 
the points a; of a compact space, say X. The corresponding index is then defined 
by (Rennie 1990) 

index(i:») = Ker(i:») - Coker(i:») , (3.3.37) 

where Ker(D) denotes the family of vector spaces Ker(Da;), and similarly for 
Coker(D). The index defined in (3.3.37) turns out to be an element of the K- 
theory of X (see section 3.7). An outstanding open problem is to prove that the 
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supersymmetric functional integral admits a K-theoretic interpretation. More- 
over, it remains to be seen whether supersymmetry can be applied to prove the 
index theorem for families (of. Atiyah and Singer 1971a). The author is indebted 
to Professor L. Alvarez-Gaume for correspondence about these issues. 

3.4 Index of Two-Parameter Families 

A very important property of the index is that it is unchanged by perturbation 
of the operator, hence it can be given by a topological formula. This is why, when 
we vary the gauge field A continuously, the index of the extended Dirac operator 
Da does not change. It is however possible to extract more topological information 
from a continuous family of operators, and we here focus on the two-parameter 
case (Atiyah 1984). 

For this purpose we consider a two-dimensional surface X compact, connected 
and oriented, and suppose a fibre bundle Y over X is given with fibre M. The 
twist involved in making a non-trivial bundle is an essential topological feature. 
By giving Y a Riemannian metric, one gets metrics on all fibres M^;, hence 
one has metrics on M parametrized by X. The corresponding family of Dirac 
operators on M is denoted by Dx- We can now define two topological invariants, 
i.e. index(Da;) and the degree of the family of Dirac operators. To define such a 
degree, we restrict ourselves to the particular case when the index vanishes. 

Since mdex{Dx) = by hypothesis, the generic situation (one can achieve 
this by perturbing the metric on Y) is that is invertible Mx ^ X except at a 
finite number of points xi, ...,Xk- Moreover, a multiplicity Vi can be assigned to 
each Xj, which is generically ±1. To obtain this one can, in the neighbourhood of 
each Xj, replace by a finite matrix T^. Zeros of det(Ta;) have multiplicity Vi 
at Xi. We are actually dealing with the phase- variation of det(Ta;) as x traverses 
positively a small circle centred at Xj. 
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The degree v of the family of Dirac operators Dy^ is defined by 

k 

v = Y,^i . (3.4.1) 

This is a topological invariant of the family in that it is invariant under perturba- 
tion. Hence it only depends on the topology of the fibre bundle Y and vanishes 
for the product M x X. In the case of gauge fields, one can fix the metric g on X 
and take Y = M x X, but we also take a vector bundle V onY with a connection. 
This gives a family of gauge fields, and the corresponding Dirac family has 
again a degree which now depends on the topology of V. Such a degree vanishes 
if the vector bundle V comes from a bundle on M. 

3.5 Determinants of Dirac Operators 

For fermionic fields one has to define determinants of Dirac operators, and 
these are not positive-definite by virtue of their first-order nature. Consider as 
before an even-dimensional Riemannian manifold (M, g) with Dirac operators Dg : 
S'^ — > S~ , depending on the metric g. We look for a regularized complex- valued 
determinant (iet{Dg) which should have the following properties (Atiyah 1984): 

(1) det {Dg) is a differentiable function of g. 

(2) det(Df,) is gauge-invariant, i.e. det^D/^^^^ = det{Dg) for any diffeomor- 
phism / of M. 

(3) det (-Dp) = to first-order if and only if D* Dg has exactly one zero- 
eigenvalue. 

The third property is the characteristic property of determinants in finite dimen- 
sions and it is a minimum requirement for any regularized determinant. Note also 
that, since D* Dg is a Laplace-type operator, there is no difficulty in defining its 
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determinant, so that one can also define \det{Dg)\. The problem is to define the 
phase of det (Dg) (cf. section 6 of Martellini and Reina 1985). 

Suppose now that one can find a fibration over a surface X with fibre M, so 
that the Dirac operators all have vanishing index whereas the degree of the 
family does not vanish. This implies that there is no function det{Dg) with the 3 
properties just listed. Suppose in fact that such a det{Dg) exists. Then (1) and 

(2) imply that h{x) = det^-Dg^^ is a differentiable complex- valued function on X. 

Moreover, (3) implies that v is the number of zeros of h counted with multiplicities 
and signs, i.e. that v is the degree of /i : X — > C But topological arguments may 
be used to show that the degree of h has to vanish, hence = 0, contradicting the 
assumption. 

We should now bear in mind that the local multiplicities at points Xi where 
is not invertible, are defined as local phase variations obtained by using an 
eigenvalue cut-off. Remarkably, if it were possible to use such a cut-off consistently 
at all points, the total phase variation i/ would have to vanish. Thus, a fibration 
with non- vanishing degree implies a behaviour of the eigenvalues which prevents a 
good cut-off regularization. Such a remark is not of purely academic interest, since 
two-dimensional examples can be found, involving surfaces M and X of fairly high 
genus, where all these things happen. What is essentially involved is the variation 
in the conformal structure of M (cf. section 5.3). 

Other examples of non-vanishing degree, relevant for gauge theory, are ob- 
tained when M is the 2n-sphere S"^", X = S"^ and the vector bundle ^ is (n + l)- 
dimensional, so that the gauge group G is U{n+1) or SU (n+l). If one represents 
S'^ as 3?^ U oo then, removing the point at infinity, one obtains a two-parameter 
family of gauge fields on M parametrized by 3?^. Since this family is defined by 
a bundle over M x S'^, gauge fields are all gauge-equivalent as one goes to oo in 
3?^. What are we really up to ? By taking a large circle in 3?^, one gets a closed 
path in the group Q of gauge transformations of the bundle on M. The degree v is 
essentially a homomorphism 7ri{Q) — > Z, and if v does not vanish, the variation in 
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phase of det(Z)g) going round this path in Q proves the lack of gauge- invariance. 
If M = one has 

MG) - ^2n+l{G) , (3.5.1) 

(^SU{n + l)^=Z , (3.5.2) 

and the isomorphism is given by v, by virtue of the general index theorem for 
families (Atiyah and Singer 1971a). 

3.6 Bott Periodicity 

A crucial and naturally occurring problem in all our investigations is why the 
Dirac operator is so important in index theory. The answer is provided by the so- 
called Bott periodicity theorem. To understand the key features, let us consider an 
elliptic operator on 3?" with constant coefficients, say P, which acts on C^-valued 
functions. The symbol of P, denoted by crp(^), provides a map 

ap: S""-^ ^GL{m,C) ■ 
For example, the restricted Dirac operator on 3?^^^, say B, yields the map 

The Bott periodicity theorem states that this is a stable generator, in that 

(i) The map 

7ri{GL{m,C)) ^ 7ri{GL{m+ 1,C)) 
is an isomorphism for m > |; 

(ii) The limit group 7rj(GL(oo)) is if i is even, and coincides with Z, generated 
by aB, a i is odd. 
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We now find it helpful to state the Bott theorem in an even simpler form. In other 
words, one studies the homotopy groups of certain Lie groups, and one finds that 
they are periodic, in that (Rennie 1990) 

7Tn{U{N)) = if n is even and n< 2N , (3.6.1) 

nn{U{N)) = Z if n is odd and n > 2N . (3.6.2) 
Moreover, in terms of the N ^ oo limit, one has the periodicity 

7r„(t/(oo)) = 7rn+2(C/(oo)) , (3.6.3) 

7r„(0(oo)) = 7r„+8(0(oo)) . (3.6.4) 

A global version of the Bott theorem, resulting from the local form, is also 
available. According to the global Bott theorem, the symbol of the Dirac operator 
on a compact manifold is a generator, in a suitable sense, of all elliptic symbols. 
More precisely, let X be a compact, oriented, 2fc-dimensional manifold endowed 
with a spin-structure (see section 1.3). We know from section 2.3 that an elliptic 
differential operator 

P : C°°{X, V) C°°{X, W) 
has a symbol, say cxp, which is an isomorphism 

7T*V^TT*W , 

where tt : S{X) ^ X is the projection map of the unit sphere-bundle. A trivial 
symbol is a symbol for which V = W and a is the identity map. Two symbols are 
said to be equivalent if they become homotopic after adding trivial symbols. 

The global Bott theorem can be then stated by saying that every symbol 
is equivalent to the symbol of By, for some V, where By is the restricted Dirac 
operator, extended so as to act on the tensor product E~^^V. For index problems, 
the interest of this property lies in the fact that two elliptic operators whose 
symbols are equivalent turn out to have the same index. Thus, if one is able to 
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find the index of By for all V, one can indeed obtain an index formula for all 
elliptic operators on X. 



3.7 K-Theory 



The global Bott theorem and the global theory of the Dirac operator find 
their natural formulation within the framework of K-theoij. The formalism is as 
abstract as powerful, and some key steps are as follows (Atiyah 1967). 

We are interested in complex vector bundles over a compact manifold X. The 
set Vect{X) of isomorphism classes of vector bundles over X has the structure of 
an Abelian semi-group (the same holds if X is any space), where the additive 
structure is defined by direct sum. If A is any Abelian semi-group (recall that a 
semi- group is a set of elements {a,b,c, ...} with a binary operation of product, say 
ab, such that {ab)c = a(6c)), one can associate to A an Abelian group, K{A), with 
the following property: there is a semi-group homomorphism: 

a:A^ K{A) (3.7.1) 

such that, if G is any group, and if 

-f-.A^G (3.7.2) 
is any semi-group homomorphism, there is a unique homomorphism 

K : K{A) ^ G (3.7.3) 

such that 

7 = K a . (3.7.4) 

If such a K{A) exists, it must be unique. Note that the order of factors on the 
right-hand side of Eq. (3.7.4) is of the right sort: first, a maps A into K{A), then 
K maps K{A) into G. Altogether, this is a map of A into G. What is non-trivial 
is the uniqueness property of the homomorphism. 

55 



To define the group K{A), one starts from F{A), the free Abehan group 
generated by the elements of A. Second, one considers E{A), the subgroup of 

F(A) generated by those elements of the form 

a + a' - {a®a') , 

where ® is the addition in A, and a, a' e A. Then 

K{A) = F{A)/E{A) (3.7.5) 

is the desired Abelian group. If A possesses a multiplication which is distributive 
over the addition of A, then K{A) is a ring. 
Now if X is a space, one writes 

K{X) = K{Vect{X)) (3.7.6) 

for the ring K{Vect{X)). Moreover, ii E e Vect{X), one writes [E] for the image 
of E in K{X). One can prove that every element of K{X) is of the form [E] — [F], 
where E, F are bundles over X. Let now T be a bundle such that F ® T is trivial. 
On writing n for the trivial bundle of dimension n, this means that 

F®T = n . (3.7.7) 

One can thus obtain a very useful formula for a generic element of K{X): 

[E] - [F] = [E] + [T] -{[F] + [T]) = [E(BT]- [n] . (3.7.8) 

In other words, every element of K{X) is of the form [H] — [n]. If two bundles 
become equivalent when a suitable trivial bundle is added to each of them, the 
bundles are said to be stably equivalent. Thus, [E] = [F] if and only if E and F 
are stably equivalent 

For a space with base point xq, one defines 

K(X) = Ker {K(X) K(xo)} . (3.7.9) 
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Since i^(point) = Z, one has the isomorphism 

K{X)^ K{X)® Z . (3.7.10) 
For a closed sub-space of X, say Y, one defines 

K(X,Y) = K{X/Y) , (3.7.11) 

where X/Y is obtained by collapsing y to a point, taken as the base point. For a 
locally compact space, one sets 

K{X) = K(X+) , (3.7.12) 

where X'^ is the one-point compactification of X. Another elementary lemma can 
then be proved: 

If y C X is a compact pair, then 

K{X,Y) K{X) K{Y) 

is an exact sequence. 

The tensor product of vector bundles induces a ring structure on K{X), and 
K{Y, X) becomes a module on K{X). The identity map 

U{1) C GL{1,C) 

defines a line-bundle, say i?, on S'^ = C'^. Let b e K{C) be the class oi H — 1. 
The local form of the Bott periodicity theorem is therefore (Atiyah 1975a): 

Theorem 3.7.1 Multiplication by b provides an isomorphism 

/? : K{X) K{C X X) . 

On taking X = and applying induction for n > 0, one finds that K{C'^) = Z. 
Moreover, the symbol of the restricted Dirac operator, B, is eventually identified 
with the element 6". 
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In the analysis of global properties, one first proves that an elliptic symbol a 
defines an element [a] of K{T*X). The global Bott theorem is then: 

Theorem 3.7.2 For an even-dimensional spin-manifold, multiplication by as pro- 
vides the isomorphism 

K{X) K{T*X) . 

In particular, if the manifold X is parallelizable, theorem 3.7.2 reduces to theorem 
3.7.1. In the general case, one takes a covering of X, on which T*X is trivial, and 
one applies induction by using the long exact sequence which extends 

K{X,Y) ^ K{X) ^ K{Y) . 

This long exact sequence involves higher-order groups, denoted by K~'^{X), de- 
fined, for n > 0, by means of 

= X(3?" X X) . (3.7.13) 

One may wonder what can be said about manifolds which are not spin- 
manifolds. Indeed, if X is not a spin-manifold one cannot define a Dirac operator. 
One can, however, build a signature operator (see section 2.3), say A. Locally, the 
symbol of A is equivalent to a multiple of the symbol of B (Atiyah 1975a): 

(TA = 2''aB . (3.7.14) 
3. A Appendix 

An elliptic boundary- value problem consists of the pair {P,B), where, for a 
given vector bundle V over a Riemannian manifold M, P is a differential operator 
of order d on V, and S is a boundary operator (see (5.1.18)). The strong ellipticity 
of (P, B) is defined in terms of the eigenvalue equation for the leading symbol of 
P, jointly with an asymptotic condition on the solution of this equation. For us to 
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be able to define these concepts, it is necessary to start from the structure which 
makes it possible to split the tangent bundle of M in the form of a direct sum 
(Gilkey 1995) 

T{M) ^T{dM)®T{[0,6)) . (3.A.1) 

Indeed, following Gilkey 1995, one can use the inward geodesic flow to identify a 
neighbourhood of dM with the collar 

C :dM x[0,i{M)) , (3.A.2) 

i{M) being the injectivity radius. If (yi, are local coordinates on the 
boundary, and if Xm is the geodesic distance to the boundary, a system of lo- 
cal coordinates on the collar is then {yi, ■■■,ym-i, Xm)- The normal derivatives 
^m{j lc) '^^^^ defined after identifying V \c with V x [0,z(M)). We now 
need to define (i-graded vector bundles {d being the order of P) and their auxiliary 
bundles. For this purpose, following Gilkey 1995, we say that a d-graded vector 
bundle is a vector bundle, say U , endowed with a decomposition into d sub-bundles 

t/ = t/o e ... e Ud-i . (3.^.3) 

Moreover, we consider defined by 

W=[V]dM®...®[V]dM , (3.A4) 
i.e. the d-graded vector bundle for boundary data, and define (Gilkey 1995) 

h^Wmifk)]^^^ . (3.A5) 

L J dM 

The boundary data map is then a map 



such that 



lU) = (/o,...,/d-i) 
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(3.A.6) 



Further to this, one has to take into account an auxiliary cZ-graded vector bundle 
over the boundary, say Y, whose dimension satisfies 

dim(y) = -dim(y) . (3.A.7) 

If B : C°°{W) C°°(y) is a tangential difi'erential operator defined on dM, one 
can decompose it as follows: 

B = Bij , {3.A.8a) 

Bij:C°^{Wi)^C°^{Yj) , (3.A86) 

with ord(Sy) < j — i. Sections of C°°(Wj) arise from taking the normal derivative 
of order i. 

All these geometric objects make it possible to define the d-graded leading 
symbol of B as follows (Gilkey 1995): 

<Tg{B),j{y, C) = <JL{B^j){y, Q if ord(S,,) =3-1 , (3.A.9a) 

ag{B)ij{y, C) = if OTd{B,j) <j-i . {3. AM) 

With the notation described so far, the boundary condition is expressed by the 
equation 

57 / = . (3.^.10) 

To define strong ellipticity of the pair (P, B) one assumes that P is a differen- 
tial operator on V of order d, with elliptic leading symbol, say pd- If /C is a cone 
containing and contained in C, and such that, for ^ 0, 

Spec(pd(a;,e))c/C'^ , (3.A11) 

one studies, on the boundary, the equation 

Pd{y,0,C,Dr)f{r) = Xf{r) , (3.A12) 

subject to the asymptotic condition 

lim /(r) = , (3.^.13) 
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and under the assumption that (0,0) 7^ (C) ^ T*{dM) x /C. By definition, the 
pair (P, B) is said to be strongly elliptic with respect to the cone /C if, for any w 
belonging to the auxiliary (i-graded vector bundle Y , there exists a unique solution 
of the problem described by Eqs. (3. A. 12) and (3. A. 13), with (Gilkey 1995) 

<jg{B){y,Q)%f) = w . (3.A14) 

The cone /C is normally assumed to coincide with the set of complex numbers 
minus 3?+ (or minus 3? and 3?+). 

For example, if P is an operator of Laplace type on C°°{V), one finds (Gilkey 
1995) 

Pd{y,OX,Dr)f{r)^-d^, + \Cf , (3.A15) 
and hence the solutions of Eq. (3. A. 12) read 

/(r) = woe"'' + wie-"'' , (3.yl.l6) 

where /j, = \J \ ( \^ — X. Bearing in mind that Re(/i) > 0, the asymptotic condition 
(3. A. 13) picks out the solution of the form 

/(r) = wie-^"" . (3.A.17) 

These properties are useful in the course of proving that P is strongly elliptic 
with respect to the cone C — S?"*", when the boundary conditions are a mixture 
of Dirichlet and Robin conditions (see our Eq. (5.4.2) and Gilkey 1995). A thor- 
ough treatment of elliptic boundary-value problems, with emphasis on the analytic 
approach, may be found in Grubb 1996. 



3.B Appendix 



This appendix describes briefly some concepts in homotopy theory and in the 
theory of characteristic classes. It is intended to help the readers who have already 
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attended introductory courses, but do not have enough time to read comprehensive 
monographs or long review papers. 



(i) A very important concept in homotopy theory is that of an exact sequence. A 
sequence of groups and homomorphisms 

fi—l TT fi TJ fi + 1 TJ 

... ^iij ^-n-i+i >/lj-|-2--- 

is called an exact sequence if, for all i, 

Im/,_i=Ker/, . (3.S.1) 
A short exact sequence is a five-term sequence with trivial end groups, i.e. 

— > H^H'^H" — > . (3.S.2) 



(ii) If m is a complex k x k matrix, and Q{m) is a polynomial in the components 
of m, then Q{m) is called a characteristic polynomial if 

Q{m) = Q{h-^ m h) yheGL{k,C) . (3.5.3) 

The polynomial Q{m) is a symmetric function of the eigenvalues {Ai, Afe} of m. 
The j-th symmetric polynomial, say Tj{X), reads 

ii<i2<---ij 

and Q{m) is a polynomial in the Tj{\): 

g(m) = a + /3Ti(A) + 7T2(A)+5[Ti(A)]2 + ... . (3.S.5) 

If, in Q{m), one replaces m by the curvature two-form Q, one finds that Q{Q) is 
closed. 
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The total Chern form c{Vt) of a complex vector bundle E over M, with 
GL{k, C) transition functions and connection uj, is defined in terms of the charac- 
teristic polynomial det(/ + m) for Q: 

c{Q) = det(l+^Qj=^Ck{n) , (3.5.6) 

V ^ / fc=0 

where the various Chern forms in (3.B.6) read 

co(n) = 1 , (3.S.7) 



ci(f]) = ^Trn , (3.S.8) 

ZTT 

C2(J]) = ^ TrfiAfi-TrJlA™] , (3.5.9) 

plus infinitely many other formulae that can be derived from the expansion of the 
determinant in (3.B.6). Since Q{'D,) is closed, one finds that any homogeneous 
polynomial in the expansion of a characteristic polynomial is closed: 

dcj{n)=0 . (3.S.10) 

This means that the Chern forms, Cj(0), define cohomology classes belonging to 

iy2j(M). 

(iii) The Chern numbers of a fibre bundle are the numbers found by integrating 
characteristic polynomials over the manifold. For example, one has 

C2{E)= [ C2{n) . (3.S.11) 



(iv) Pontrjagin classes, say pk{E), and Pontrjagin numbers, are the counterpart, 
for real vector bundles, of Chern classes and Chern numbers for complex vector 
bundles. 
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(v) In the course of studying index theorems, one needs certain combinations 
of characteristic classes. The first example is provided by the Chern character, 
defined by the invariant polynomial 



ch{E) = Trexp(im/27r) = -Tr(zm/27r)' . (3.5.12) 

1=0 

A deep and simple relation exists between the Chern character and Chern classes, 
i.e. 

k 

c/i(£;) = J^exp(zf],/27r) = A; + ci(E) + -(^c?-2c2)(£^) + ... . (3.5.13) 

1=1 

(vi) Yet another deep concept is the one of genus, i.e. a combination of character- 
istic classes that satisfies the Whitney sum property: 

f{E®E')^f{E)f{E') . (3.5.14) 

It is now convenient to set 

h = ^Qi . (3.5.15) 

ZTT 

It is then possible to express the Todd class as follows: 

Other relevant examples of genera are given by the Hirzebruch L-polynomial, i.e. 



I 



and the A polynomial 

xi/2 
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(vii) A further important set of characteristic classes consists of the Stiefel- Whitney- 
classes. Unlike all characteristic classes described previously, they cannot be repre- 
sented by differential forms in terms of curvature, and are not integral cohomology 
classes (Milnor and Stasheff 1974, Rennie 1990). By definition, Stiefel- Whitney 
classes are the cohomology classes of a real bundle, say over M, with k- 
dimensional fibre: 

tUi e ff*(M;Z2) , z=l,...,n-l . (3.S.19) 
The total Stiefel- Whitney class is defined by 

n 

w{E) = l + ^wi . (3.S.20) 
1=1 

The vanishing of the first Stiefel- Whitney class wi (TM) provides a necessary and 
suflBcient condition for the orientability of M. The vanishing of the second Stiefel- 
Whitney class W2{TM) is instead a necessary and sufficient condition for the ex- 
istence of spin-structures (see sections 1.2, 1.3 and Milnor 1963). 
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CHAPTER FOUR 



SPECTRAL ASYMMETRY 



Abstract. The investigations in spectral asymmetry and Riemannian geometry 
by Atiyah, Patodi and Singer begin by studying, for a Riemannian manifold, say 
M, the relation between the signature of the quadratic form on H'^{M;^) and 
the integral over M of the first Pontrjagin class. It turns out that, if M has 
a boundary, the desired relation involves also the value at the origin of the r]- 
function obtained from the eigenvalues of a first-order differential operator. The 
result is indeed an example of index theorem for non-local boundary conditions. 
The second part of the chapter performs a detailed r]{0) calculation with non-local 
boundary conditions. Last, the r]{0) value is obtained for a first-order operator 
with periodic boundary conditions. 



66 



4.1 Spectral Asymmetry and Riemannian Geometry 



If M is an oriented, n- (even) dimensional Riemannian manifold, the Gauss- 
Bonnet-Chern theorem provides a first relevant example of a deep formula relating 
cohomological invariants with curvature. In intrinsic language, the Euler number 
X of M, defined as an alternating sum of Betti numbers: 

n 

X^J](-1)^5, , (4.1.1) 

p=0 

reads (Chern 1944-45, Greub et al. 1973, Dowker and Schofield 1990) 



X = / A+ / X*n , (4.1.2a) 

Jm JdM 

where the vector field X can be chosen as any extension of the normal vector field 
n on the boundary dM. Moreover, 11 is an (n — l)-form on the unit tangent bundle 
of M, the sphere-bundle S{M), and A is an n-form such that 7r*A is the Pfaffian 
of the curvature matrix, where tt* maps the cohomology of M into that of S{M). 
For example, in the two-dimensional case Eq. (4.1.2a) reduces to 

[ [ , (4.1.26) 

47r Jm ^tt Jqm 

where R is the trace of the Ricci tensor, and K is the second fundamental form of 
the boundary of M (see section 5.2). 

When M is four-dimensional, in addition to (4.1.2a) there is another formula 
which relates cohomological invariants with curvature. In fact, it is known that 
the signature (i.e. number of positive eigenvalues minus number of negative eigen- 
values) of the quadratic form on H^{M; 3fJ) given by the cup-product (see section 
2.3 and Atiyah 1975a) is expressed, for manifolds without boundary, by 

sign(M) = \ [ PI . (4.1.3) 
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In (4.1.3), pi is the differential four-form which represents the first Pontrjagin 
class, and is equal to (27r)~^ Tr(i?^), where R is the curvature matrix. However, 
(4.1.3) does not hold in general for manifolds with boundary, so that one has 

sign(M) - J / = f{Y) ^ , (4.1.4) 

where Y = dM. Thus, if M' is another manifold with the same boundary, i.e. 
such that Y = dM' ^ one has 

sign(M) ~ \ f = sign(M') - \ I p[ . (4.1.5) 

o Jm Jm' 

Hence one is looking for a continuous function / of the metric on Y such that 
f{—Y) = —f{Y). Atiyah et al. (1975) were able to prove that f{Y) is a spectral 
invariant, evaluated as follows. One looks at the Laplace operator A acting on 
forms as well as on scalar functions. This operator A is the square of the self- 
adjoint first-order operator B = ±(^d * — * dj , where d is the exterior-derivative 

operator, and * is the Hodge-star operator mapping p-forms to (/ — p)-forms in I 
dimensions. Thus, if A is an eigenvalue of B, the eigenvalues of A are of the form 
A^. However, the eigenvalues of B can be both negative and positive. One takes 
this property into account by defining the //-function 

r/(.)^5]cZ(A)(sign(A))| Aj-^ , (4.1.6) 

where d{X) is the multiplicity of the eigenvalue A. Note that, since B involves the 
* operator, in reversing the orientation of the boundary Y we change B into —B, 
and hence 77(5) into —r]{s). The main result of Atiyah et al., in its simplest form, 
states therefore that (Atiyah et al. 1975, Atiyah 1975b) 

/(F) = ^r/(0) . (4.1.7) 

Now, for a manifold M with boundary F , if one tries to set up an elliptic boundary- 
value problem for the signature operator of section 2.3, one finds that there is 
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no local boundary condition for this operator. For global boundary conditions, 
however, expressed by the vanishing of a given integral evaluated on Y, one has 
a good elliptic theory and a finite index. Thus, one has to consider the theorem 
expressed by (4.1.7) within the framework of index theorems for global boundary 
conditions. Atiyah et al. (1975) were also able to derive the relation between 
the index of the Dirac operator on M with a global boundary condition and r]{0), 
where 77 is the ?7-function of the Dirac operator on the boundary of M (cf. (6.1.4) 
and (6.1.5)). 



Following Atiyah et al. 1975, we now evaluate r]{0) in a specific example. Let 
F be a closed manifold, E a vector bundle over Y and A : C°° {Y, E) C°° (F, E) a 
self-adjoint, elliptic, first-order differential operator. By virtue of this hypothesis, 
A has a discrete spectrum with real eigenvalues A and eigenfunctions (f)\. Let P 
denote the projection of C^{Y,E) onto the space spanned by the 4>\ for A > 0. 
We now form the product Y x K"*" of Y with the half-line u > and consider the 
operator 



acting on sections f{y,u) of E lifted to F x 3?+ (still denoted by E). Clearly D is 
elliptic and its formal adjoint is 



4.2 ?7(0) Calculation 




(4.2.1) 




(4.2.2) 



The following boundary condition is imposed for D: 



P/(-,0) = 



(4.2.3) 
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This is a global condition for the boundary value /(•, 0) in that it is equivalent to 

^(/(y,O),0A(y)) =0 forallA>0 . (4.2.4) 

Of course, the adjoint boundary condition to (4.2.3) is 

(l-P)/(-,0) = . (4.2.5) 
The naturally occurring second-order self-adjoint operators obtained from D are 

Ai = V*V , (4.2.6) 

Aa = VV* , (4.2.7) 

where V is the closure of the operator D on with domain given by (4.2.3). For 
t > 0, one can then consider the bounded operators 6"*'^^ and e"*'^^. The explicit 
kernels of these operators will be given in terms of the eigenfunctions of A. For 
this purpose, consider first Ai, i.e. the operator given by 



with the boundary condition 



P/(-,0) = , (4.2.8a) 



and 



Expansion in terms of the ^a, so that f{y,u) = f>^(''^)'^>^(y)^ shows that for 
each A one has to study the operator 

+ A^ 



on tt > with the boundary conditions 

/a(0) = if A>0 , (4.2.9) 
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du 



+ A/; 



if A < 



(4.2.10) 



u=0 



It should be stressed, once more, that (4.2.9) and (4.2.10) are non-local, since they 
rely on the separation of the spectrum of A into its positive and negative part (cf. 
section 6.1). 

The fundamental solution for 



d 



dt dv? 



with the boundary condition (4.2.9) is found to be 



Wa = 



exp 



' — exp ' 



At 



At 



(4.2.11) 



By contrast, when the boundary condition (4.2.10) is imposed, the use of the 
Laplace transform leads to (Carslaw and Jaeger 1959) 



\/47rt 
+ Ae-^('^+'') erfc 



■{u — vY\ f—iu + vY 

exp I — — — + exp ' 



At 

{u + v) 
2^t 



At 



-xVt 



(4.2.12) 



where erfc is the (complementary) error function defined by 



erfc(a;) = —= I e ^ 

'TT 



(4.2.13) 



Thus, the kernel Ki of e at a point {t; y, u; z, v) is obtained as 



K^{t;y,u;z,v) = J2WAMy)M^) if A > , (4.2.14) 



K^{t;y,u;z,v)^J2^BMy)M^) if A < . (4.2.15) 



For the operator A2, the boundary conditions for each A are 



/a(0) = if A<0 
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(4.2.16) 



du 



if A > 



(4.2.17) 



u=0 



The fundamental solution for 



d 



dt dv? 



subject to (4.2.16) is Wa = Wa, while for the boundary conditions (4.2.17) one 
finds Wb = Wb{—X)- Moreover, by virtue of the inequality 



J X 



e ^ d^<e 



(4.2.18) 



Wa and Wb are both bounded by 



Fx{t;u,v) = 



2 I A 



exp 



— {u — v)^ 
it 



(4.2.19) 



If one now multiplies and divides by \/i the second term in square brackets in 
(4.2.19), application of the inequality 



X < e 



(4.2.20) 



to the resulting term \ X \ \/i shows that the kernel Ki{t;y,u;z,v) of e is 
bounded by 



G{t;y,u;z,v) = 



2V7rt 



+ 1 M^) 



exp 



— (-u — v)" 
4t 



(4.2.21) 



Moreover, since the kernel of e"*'^^ on the diagonal of F x y is bounded by Ct~"/^, 
one finds that the kernels of e~*^i and e~*^^ are exponentially small in t as t ^ 0"*" 
for u ^ V, in that they are bounded by 



C exp (^^^ 
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where C is some constant, as t — > 0+. 

Thus, the contribution outside the diagonal is asymptotically negligible, so 
that we are mainly interested in the contribution from the diagonal. For this 
purpose, we study K{t, y, u), i.e. the kernel of e~*'^^ — e"*'^^ at the point (y, w; y, u) 
of {Y X 3f?+) X (r X 3fJ+). Defining sign(A) = +1 VA > 0, sign(A) = -1 VA < 0, one 
thus finds 

K{t,y,u) = ^WA{t;y,u;y,u) - WB{t;y,u;y,u) + WB{t;y,u;y,u) - WA{t;y,u;y,u) 



E I My) 



A>0 



-(-A)e2^^erfc i ^ + XVi 



+ I]l</'A(y) 



A<0 



-X't 



(l + e-"'/^) + Ae-2^"erfc - Ax/t 



(l - e-"V*) 



A 



f I A I e^l^l^erfc \ X \Vt 

TTt \Vi 



d_ 
du 



2 \Vi 



e"''"'"'erfc ( —=+ I A I 



(4.2.22) 



Thus, integration on y x K"*" and elementary rules for taking limits yield 

K{t) = f f K{t, y, u)dy = V sign(A) erfc(| , (4.2.23) 

Jo JY 2 



which implies (on differentiating the error function and using the signature of 
eigenvalues) 

^'(^) = :7|^E^^~''* • (4-2-24) 
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It is now necessary to derive the limiting behaviour of the (integrated) kernel 
(4.2.23) as t — > oo and as t — > 0"*". Indeed, denoting by h the degeneracy of the 
zero-eigenvalue, one finds 

lim K{t) = ~ , (4.2.25) 
whereas, as t — > 0+, the following bound holds: 

I K{t) \<IY1 ^^^^(1 ^\^t)<^Yl < ^ ' (4.2.26) 

where C is a constant. Moreover, the result (4.2.25) may be supplemented by 
saying that K(t) + ^ tends to exponentially as t — > oo. Thus, combining (4.2.25), 
(4.2.26) and this property, one finds that, for Re{s) sufficiently large, the integral 

I{s)^ j^{K{t) + ^y-Ut , (4.2.27) 

converges. Integration by parts, definition of the F function 

l-OO l-OO 

V{z) = / t'-^e-* dt = k' / t'-^e-''* dt , (4.2.28) 
Jo Jo 



and careful consideration of positive and negative eigenvalues with their signatures 
then lead to 

^ ' 2sV^ ^ I A 1^" 2sV^ ' ' 

The following analysis relies entirely on the assumption than an asymptotic expan- 
sion of the integrated kernel K{t) exists as t ^ 0+. By writing such an expansion 
in the form 

K{t)^ J2 (^kt^''^ > (4.2.30) 

k>—m 
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equations (4.2.27)- (4.2.30) yield (on splitting the integral (4.2.27) into an integral 
from to 1 plus an integral from 1 to oo) 



rj{2s) 



h 



N 



+ E 7^ 



k=—m 



+ On{s) 



(4.2.31) 



This is the analytic continuation of r]{2s) to the whole s-plane. Hence one finds 



rj{0) = -(2ao + h^ . 



(4.2.32) 



Regularity at the origin of the r^-function is an important property in the 
theory of elliptic operators on manifolds. What one can prove (Atiyah et al. 1976, 
Gilkey 1995) is that the analytic continuation of the ?7-function of a given elliptic 
operator A: 



Va{s) = Tr 



A\ A 



-s-l 



(4.2.33) 



is a meromorphic function which is regular at s = 0. Interestingly, such a property 
is stable under homotopy, i.e. under a smooth variation of A. More precisely, one 
considers a C°° one-parameter family Ay, of elliptic operators, and one proves that 
the residue R{Au) at s = of the corresponding ?7-functions is constant, i.e. 



(4.2.34) 



Thus, the general formula for the analytic continuation of the ry-function of A 
reduces to (cf. Atiyah et al. 1976) 



k=-m n) 



(4.2.35) 



where m is the dimension of the (compact) Riemannian manifold, n is the order 
of A, is holomorphic in the half- plane Re(s) > and is C°°. 
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4.3 A Further Example 



It is instructive to describe a simpler example of 77(0) calculation for first-order 
differential operators. For this purpose, we consider the first-order operator 

A^i^ + t , (4.3.1) 

where t is a real parameter lying in the open interval ]0, 1[, and x is an angular 
coordinate on the circle. The boundary conditions on the eigenfunctions of A, 
denoted by /, are periodicity of period 27r: 

fix) = f{x + 27r) . (4.3.2) 

Thus, since the eigenvalue equation for A: 

^^+tf = ^f (4-3.3) 

is solved by (/o being /(x = 0)) 

/ = /o e-^(^-*)^ , (4.3.4) 
one finds, by virtue of (4.3.2), the eigenvalue condition 

Equation (4.3.5) is solved by 

X = t±n Vn = 0,1,2,... . (4.3.6) 

One can now form the corresponding Ty-function: 

00 00 
Vt{s) = J2(r + t)-^-J2ir-t)-' , (4.3.7) 

r=0 r=l 
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which can be re-arranged as follows: 

~ \{r - ty - (r + ty 
m(s) = t"'' + -L ^ — i 

oo 

= t-' - 2st r-("+^) + sEi . (4.3.8) 

In Eq. (4.3.8), Si is a series which is absolutely convergent in the neighbourhood 
of s = 0. One thus finds 

r]t{0) = l-2tlimsCR{s + l) = l-2t , (4.3.9) 

s— >0 

where (r is the Riemann ^-function, defined as 

oo 

Cr{s) =Y,m-' . (4.3.10) 

m=l 

The result (4.3.9) shows that, unless t takes the value |, there will be a "spectral 
asymmetry" expressed by a non- vanishing value of r]t{0). 

It has been our choice to give a very elementary introduction to the subject 
of the r^-function. The reader who is interested in advanced topics is referred 
to Berline et al. 1992, Branson and Gilkey 1992a-b, Booss-Bavnbek and Woj- 
ciechowski 1993, Falomir et al. 1996. Further work on the Dirac operator and its 
eigenvalues can be found in Hortacsu et al. 1980, Atiyah and Singer 1984, Vafa 
and Witten 1984, Atiyah 1985, Polychronakos 1987, Connes 1995, Camporesi and 
Higuchi 1996, Landi and Rovelli 1996, Carow-Watamura and Watamura 1997. 
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CHAPTER FIVE 



SPECTRAL GEOMETRY WITH OPERATORS 
OF LAPLACE TYPE 



Abstract. Spectral geometry with operators of Laplace type is introduced by 
discussing the inverse problem in the theory of vibrating membranes. This means 
that a given spectrum of eigenvalues is given, and one would like to determine 
uniquely the shape of the vibrating object from the asymptotic expansion of the 
integrated heat kernel. It turns out that, in general, it is not possible to tell 
whether the membrane is convex, or smooth, or simply connected, but results of 
a limited nature can be obtained. These determine, for example, the volume and 
the surface area of the body. Starting from these examples, the very existence of 
the asymptotic expansion of the integrated heat hernel is discussed, relying on the 
seminal paper by Greiner. A more careful analysis of the boundary-value problem 
is then performed, and the recent results on the asymptotics of the Laplacian on 
a manifold with boundary are presented in detail. For this purpose, one stud- 
ies second-order elliptic operators with leading symbol given by the metric. The 
behaviour of the differential operator, boundary operator and heat-kernel coeffi- 
cients under conformal rescalings of the background metric leads to a set of al- 
gebraic equations which determine completely the heat-kernel asymptotics. Such 
property holds whenever one studies boundary conditions of Dirichlet or Robin 
type, or a mixture of the two. The chapter ends by describing the heat-equation 
approach to index theorems, and the link between heat equation and ^-function. 
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5.1 On Hearing the Shape of a Drum 



A classical problem in spectral geometry, which is used here to introduce the 
topic, consists in the attempt to deduce the shape of a drum from the knowledge 
of its spectrum of eigenvalues, say A^. Some progress is possible on establishing 
the leading terms of the asymptotic expansion of the trace function (cf. section 
5.2) 



oo 



0W = E^"^"* , (5.1.1) 

n=l 

for small positive values of t. In particular, if one studies a simply connected 

membrane Q bounded by a smooth convex plane F, for which the displacement 
satisfies the wave equation 

A0=^ , (5.1.2) 
and Dirichlet boundary conditions on F: 

= , (5.1.3) 



M: 



one finds 



G(t) ^^4^- + I . (5.1.4) 

In (5.1.4), I I is the area of Q,, L is the length of F, and the constant | results from 
integration of the curvature of the boundary. Moreover, if fl has a finite number 
of smooth convex holes, such a term should be replaced by |(1 — r), where r is the 
number of holes. The two basic problems in the heat-equation approach to drums 
and vibrating membranes are as follows (Kac 1966, Stewartson and Waechter 1971, 
Waechter 1972): 

(i) Given a set {A^}, can a corresponding shape be found ? If so, is it unique ? 

(ii) Let {A„} be a given spectrum of eigenvalues. Can the shape be uniquely 
determined from the asymptotic expansion of Q{t) for small positive t ? 
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In Stewartson and Waechter 1971, the authors obtained the asymptotic expan- 
sion of Q{t) for a membrane bounded by a smooth boundary. They found that, 
when the restriction of convexity is relaxed, and corners and cusps are permitted, 
the shape can be determined precisely if the membrane is circular; otherwise the 
asymptotic expansion of Q{t) as t ^ 0+ determines the area, the length of the 
perimeter and the existence of outward pointing cusps. Thus, in general, it is not 
possible to tell whether the membrane is convex, or smooth, or simply connected. 
Whether it is possible to do so from the complete asymptotic expansion of Q{t) 
remained, and remains, an open problem. 

In the following sections we will give a rigorous description of heat-kernel 
methods, but here we can complete the outline of the Green-function approach, 
following again Stewartson and Waechter (1971). Indeed, if G(r, r'; t) is the Green's 
function of the diffusion (or heat) equation 

(|-a)* = , (5.1.5) 

subject to the Dirichlet condition 

G{r,r';t) = if r e T , (5.1.6) 

and behaving as a Dirac delta: 5{r — r'), as t — > 0+, the trace function Q{t) is 
defined by the equation 

Q{t)= [ [ G{r,r;t)dn . (5.1.7) 
J Jo, 

Thus, if one writes 

oo 

G{r,r';t) = J2e~'''''Mr)Mr') , (5-1.8) 

n=l 

where An are the eigenvalues of the operator —A, and (pn are the normalized 
eigenfunctions, the result (5.1.1) follows on setting r = r' and integrating over fl. 
In many applications it is useful to consider the split 

G{r, r'; t) = Go{r, r'; t) + x(r, r'; t) , (5.1.9) 
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where (setting R=\ r — r' \) 

G'o(r,r';t) = ^e-^'/^* (5.1.10) 

is the Green's function for the infinite plane, and x(r, r';t) is the compensating 
solution of the heat equation (5.1.5), which satisfies the appropriate boundary- 
condition on r. 

In Waechter 1972, the author extended the early investigation of the inverse 
eigenvalue problem for vibrating membranes to three or more dimensions. Thus, 
he considered the boundary- value problem 

-A0 = A(/)inn , (5.1.11) 

(/) = on 5 , (5.1.12) 

where f2 is a closed convex region or body in the n-dimensional Euclidean space 
and S is the bounding surface of Q,. Once more, the problem was to determine 
the precise shape of O, on being given the spectrum of eigenvalues and the heat 
equation (5.1.5), whose Green's function satisfies the boundary condition 

G(r,r';t) = if r e 5 . (5.1.13) 

The method was always to use the trace function 

Q{t)= III G{r,r;t)dn (5.1.14) 
J J Jo, 

to determine the leading terms of the asymptotic expansion of Q{t) for small 
positive t. Interestingly, even in the higher-dimensional problem, results of a 
limited nature can be obtained. For example, the first six terms of the expansion 
of 0(t) for a sphere were determined, and for a smooth convex body Waechter 
found the first four terms: 

V S M Iff 
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With the notation in Waechter 1972, V and S are the volume and surface area of 
the body Q, respectively, M is the surface integral of mean curvature: 

M = J J^{Ki + K2)dS , (5.1.16) 

while Ki and K2 are the principal curvatures at the surface element dS of the body 
surface. 

So far, nothing has been said about the actual existence of the asymptotic 
expansion of the trace function. The proof is a very important result due to Greiner 
(1971). Although we can only refer the reader to the original paper by Greiner for 
the detailed proof, one can describe, however, the mathematical framework, since 
this will help to achieve a smooth transition towards the following sections. We can 
thus say that Greiner studied a compact m-dimensional C°° Riemannian manifold, 
say M, with C°° boundary, say dM. The boundary-value problem consists of the 
pair (P, B), where P is an elliptic differential operator of order 2n: 

P:C~(VW)^C~(Vm) , (5.1.17) 

with Vm a (complex) vector bundle over M, and is such that P + ^ is 
parabolic. One then says that P is p-elliptic. An example is the operator in 
round brackets in Eq. (5.1.5), with P being equal to — A. Moreover, the boundary 
operator is a map 

B:C^{Vm)^C^{G9m) , (5.1.18) 

where Gqm is a C°° (complex) vector bundle over dM. To obtain the Green's 
kernel G{x, y; t) of e~*^ , Greiner constructed an operator C with kernel C{x, y; t), 
compensating for the boundary, such that 

G(x, y; t) = H{x, y; t) - C{x, y; t) , (5.1.19) 

where H{x, y; t) is the kernel of e~*^ for a manifold without boundary. Greiner's 
result states therefore that, for the integrated (heat) kernel 

G{t)= [ TTG{x,x;t)dx = TTL2{e-*^) (5.1.20) 
Jm 
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an asymptotic expansion exists, as t — > 0+, in the form (cf. Greiner 1971) 



where 



Git) ~ \Go + + ... + Gfet'^/^^ + ... 



Gq — Hq 



Gk = Hk — Ck , A; =1,2, 
Ck= [ Ck{x')dx' . 

JdM 



(5.1.21) 

(5.1.22) 
(5.1.23) 

(5.1.24) 



Note that the trace in the integral (5.1.20) is the fibre trace, and that in the 
mathematics hterature one also says that G{x,y;t) is the Green's kernel for the 

boundary- value problem ^P+-^,B^. The following sections are devoted to a pre- 
cise characterization of the G^ coefficients occurring in the asymptotic expansion 
(5.1.21). 



5.2 Asymptotics of the Laplacian on a Manifold with Boundary 



Following Branson and Gilkey 1990, we are interested in a second-order dif- 
ferential operator, say P, with leading symbol given by the metric tensor on a 
compact m-dimensional Riemannian manifold M with boundary dM. Denoting 
by V the connection on the vector bundle V = Vm, our assumption implies that 
P, called an operator of Laplace type, reads 

P = -g'''VaVb-E , (5.2.1) 

where E is an endomorphism of V. The heat equation for the operator P is (cf. 
(5.1.5)) 

(^^^+P^F{x,x';t) = . (5.2.2) 
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By definition, the heat kernel (cf. section 5.1) is the solution of Eq. (5.2.2) subject 
to the boundary condition 



BF(x,x';t) =0 , (5.2.3) 

jointly with the (initial) condition 

lim / F{x,x';t)p{x')dx' = p{x) , (5.2.4) 

which is a rigorous mathematical expression for the Dirac delta behaviour as t — > 
0"*" (cf. section 5.1). The heat kernel can be written as (cf. (5.1.8)) 

F{x, x'; t)^Yl ^(n) {x)fin) (a;')e-^(">* , (5.2.5) 

(n) 

where {<^(„)(a;)} is a complete orthonormal set of eigenfunctions with eigenvalues 
A(„). The index n is enclosed in round brackets, to emphasize that, in general, a 
finite collection of integer labels occurs therein. 

Since, by construction, the heat kernel behaves as a distribution in the neigh- 
bourhood of the boundary, it is convenient to introduce a smooth function, say 
/ e C°°(M), and consider a slight generalization of the trace function (or inte- 
grated heat kernel) of section 5.1, i.e. TrL2 ^/e~*^j. It is precisely the considera- 
tion of / that makes it possible to recover the distributional behaviour of the heat 
kernel near dM. A key idea is therefore to work with arbitrary /, and then set 
/ = 1 only when all coefficients in the asymptotic expansion 

„ oo 

Tr^^f/e-*^)^ / Tr[/F(x,x;t)ldx~(47rt)--/2 Vr/2a,/2(/,P) (5.2.6) 

have been evaluated. The term F{x,x;t) is called the heat-kernel diagonal. By 
virtue of Greiner's result, the coefficients a^/2(/) P)i which are said to describe the 
asymptotics, are obtained by integrating local formulae. More precisely, they admit 
a split into integrals over M (interior terms) and over dM (boundary terms). In 
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such formulae, the integrands are hnear combinations of all geometric invariants of 
the appropriate dimension (see below) which result from the Riemann curvature 
R"'fjcd of the background, the extrinsic curvature of the boundary, the differential 
operator P (through the endomorphism E), and the boundary operator B (through 
the endomorphisms, or projection operators, or more general matrices occurring 
in it). With our notation, the indices a,b, ... range from 1 through m and index a 
local orthonormal frame for the tangent bundle of M, TM, while the indices ... 
range from 1 through m—1 and index the orthonormal frame for the tangent bundle 
of the boundary, T{dM). The boundary is defined by the equations 

dM: y« = y°(x) , (5.2.7) 

in terms of the functions y"(x), a;* being the coordinates on 5M, and the y°' those 
on M. Thus, the m^rmsfc metric, 7^^-, on the boundary hypersurface dM, is given 
in terms of the metric Qab on M by (Eisenhart 1926, Dowker and Schofield 1989) 

ii3-9aby'',iy\j . (5.2.8) 

On inverting this equation one finds (here, = AT" is the inward-pointing normal) 

gab ^ ^ab ^ ^a^b ^ (g ^.g) 

where 

9"' = y'i y J 7''' • (5.2.10) 

The tensor g"^ is equivalent to 7*-^ and may be viewed as the induced metric on 
dM, in its contravariant form. The tensor g'*^ is a projection operator, in that 

q\q\ = q\ , (5.2.11) 

g% = . (5.2.12) 

The extrinsic-curvature tensor Kab (or second fundamental form of dM) is defined 
by the projection of the covariant derivative of an extension of the outward, normal 
vector field —n: 

Kab = -Uc-d q\ q\ , (5.2.13) 
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and is symmetric if the metric-compatible connection on M is torsion-free. Only 
its spatial components, Kij, are non- vanishing. 

The semicolon ; denotes multiple covariant differentiation with respect to the 
Levi-Civita connection Vm of M, while the stroke | denotes multiple covariant 
differentiation tangentially with respect to the Levi-Civita connection Vqm of the 
boundary. When sections of bundles built from V are involved, the semicolon 
means 

Vm®I+I®V , 



and the stroke means 



VdM I + I (g) V 



The curvature of the connection V on F is denoted by fl. 

When Dirichlet or Robin boundary conditions are imposed on sections of V: 



[0]aM = , 



(5.2.14) 



or 



KVa + s)4> 



, 



(5.2.15) 



the asymptotics in (5.2.6) is expressed through some universal constants 

{cnii bi, Ci, di, e^} 

such that (here Rab = R^abc Ricci tensor, R = i?'*^, and Q = V"Va 

S^^^'VaVfe) 

ao(/,P)= / 1^(/) , 
Jm 



JdM 



(5.2.16) 
(5.2.17) 



ai(/,P) = ^ / Tr 



+ \ j TV L/(trK) + hif,N + h2fs\ , (5.2.18) 

O JdM L 
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JdM L 

+ csitrKf + c^KijK'^ + crS{trK) + cg^^) 

+ C6f;NN , 



NiN 



(5.2.19) 



360 JgM I ^ 



fidiE.N + d2R;N + dsitrK),. + d^K,^ 



+ d^EitrK) + deRitiK) + d7R' Nini^^K) + dsRiNjNK' 
+ dgR'^i^^K'^ + dio(trK)3 + diiKijK'^itiK) 

+ di2K. ' Kj ^ Ki' + disQiN^ + diASE + di^SR 
+ di6-Si?^ + di7-S(trK)2 + d^sSKijK'^ 

+ di9S\trK) + d2oS^ + d2iS^, I*) + f,N(eiE + eai? 
+ e^R^NiN + e4(trK)' + e^KijK'^ + eg^ltrK) + eg^^) 
+ f;NN(e(i{tTK) + eio^) + 67/.^ V 



(5.2.20) 



These formulae may seem to be very complicated, but there is indeed a systematic 
way to write them down and then compute the universal constants. To begin, 
note that, if k is odd, 0^/2 (/^ P) receives contributions from boundary terms only, 
whereas both interior terms and boundary terms contribute to 0^/2 (/^-P), if k is 
even and positive. In the ai coefficient, the integrand in the interior term must be 
linear in the curvature, and hence it can only be a linear combination of the trace of 
the Ricci tensor, and of the endomorphism E in the differential operator. In the 02 
coefficient, the integrand in the interior term must be quadratic in the curvature. 
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and hence one needs a linear combination of the eight geometric invariants (cf. 
Schwinger 1951, DeWitt 1965) 

Q E , RE , E^ , Q i? , i?^ , RabR"'^ , RabcdR"'^^'^ , ilab^"''' • 

In the ai coeflBcient, the integrand in the boundary term is a local expression 
given by a linear combination of all invariants linear in the extrinsic curvature: 
tri^, 5" and f-isf. In the 03/2 coefficient, the integrand in the boundary term must 
be quadratic in the extrinsic curvature. Thus, bearing in mind the Gauss-Codazzi 
equations, one finds the general result (5.2.19). Last, in the 02 coefficient, the 
integrand in the boundary term must be cubic in the extrinsic curvature. This 
leads to the boundary integral in (5.2.20), bearing in mind that f-N is linear in 
Kij, while f-NN is quadratic in Kij. 

Note that the interior invariants are built universally and polynomially from 
the metric tensor, its inverse, and the covariant derivatives of R'\^^,Qab ^^nd E. 
By virtue of Weyl's work on the invariants of the orthogonal group (Weyl 1946, 
Branson and Gilkey 1990, Gilkey 1995), these polynomials can be formed using 
only tensor products and contraction of tensor arguments. Here, the structure 
group is 0(m). However, when a boundary occurs, the boundary structure group 
is (9(m — 1). Weyl's theorem is used again to construct invariants as in the previous 
equations (Branson and Gilkey 1990). 

5.3 Functorial Method 

Let T be a map which carries finite-dimensional vector spaces into finite- 
dimensional vector spaces. Thus, to every vector space V one has an associated 
vector space T{V). The map T is said to be a continuous functor if, for all V and 
W, the map 

T : Hom(V,W) — > Hom{T(V),T(W)) 
is continuous (Atiyah 1967). 
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In the theory of heat- kernels, the functorial method is nothing but the analysis 
of heat-equation asymptotics with respect to conformal variations. Indeed, the 
behaviour of classical and quantum field theories under conformal rescalings of 
the metric: 

dab = ^'^ 9ab , (5.3.1) 

with O a smooth function, is at the heart of many deep properties: light-cone struc- 
ture, conformal curvature (i.e. the Weyl tensor), conformal-infinity techniques, 
massless free-field equations, twistor equation, twistor spaces, Hodge-star opera- 
tor in four dimensions, conformal anomalies (Penrose and Rindler 1986, Ward and 
Wells 1990, Esposito 1994a, Esposito 1995, Esposito et al. 1997). In the functorial 
method, one chooses fl in the form 

n^e^f , (5.3.2) 

where £ is a real- valued parameter, and / G C°°{M) is the smooth function con- 
sidered in section 5.2. One then deals with a one-parameter family of differential 
operators 

P(e) = e-'^'f P(0) , (5.3.3) 

boundary operators 

B{s) = e-'f B{0) , (5.3.4) 
connections on V, endomorphisms E[e) of V, and metrics 

gab{e) = e^'f gab{Q) ■ (5.3.5) 

For example, the form (5.3.2) of the conformal factor should be inserted into the 
general formulae which describe the transformation of Christoffel symbols under 
conformal rescalings: 

nc = no + (n + K ^,b - 9bc9''%d) . (5.3.6) 
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This makes it possible to obtain the conformal variation formulae for the Riemann 
tensor R%^^ and for all tensors involving the effect of Christoffel symbols. For the 
extrinsic-curvature tensor defined in Eq. (5.2.13) one finds 



Kab = ^Kab - riaSb^ + Qab^ {n)^ 



which implies 



Kij{e) = e^f Kij - e gij e^^ f- 



N 



(5.3.7) 



(5.3.8) 



The application of these methods to heat-kernel asymptotics relies on the work 
by Branson et al. (1990) and Branson and Gilkey (1990). Within this framework, 
a crucial role is played by the following "functorial" formulae (F being another 
smooth function): 



^a,/2(l,e-2-^P(0) 



= (m-n)a,/2(/,P(0)) , (5.3.9) 



e=0 



'(0) - eF^ 



e=0 



= a,/2_i(F,P(0)) , 



de 



an/2(e-'=^F,e-2-^P(0)) 







(5.3.10) 



(5.3.11) 



e=0 



Equation (5.3.11) is obtained when m = n + 2. These properties can be proved by 
(formal) differentiation, as follows. 

If the conformal variation of an operator of Laplace type reads 



P{e) = e-'^'f P{0) - eF , 



(5.3.12) 



one finds 



£=0 



2t/P(0) + tF)e-*^(°) 



= -2t^T,L- [f e-*^(°)^ + [f e-*^(°)^ . (5.3.13) 

Moreover, by virtue of the asymptotic expansion (5.2.6), one has (the numerical 
factors (47r)~"^/^ are omitted for simplicity, since they do not affect the form of 
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Eqs. (5.3.9)-(5.3.11); following Branson and Gilkey 1990 one can, instead, absorb 
such factors into the definition of the coefficients a„/2(/, P)) 



d_ 
di 



TVi^(/e-*^(°)) ~-^f;(m-n)tt-f-ia„/2(/,P(0)) . (5.3.14) 

^ ^ n=0 



Thus, if F vanishes, Eqs. (5.3.13) and (5.3.14) lead to the result (5.3.9). By 
contrast, if / is set to zero, one has P{s) — -P(O) — eF, which implies 



de 



e=0 



n=0 

oo 

= /2^t^/2a,/2_i(F,P(0)) , (5.3.15) 



1^2 



which leads in turn to Eq. (5.3.10). Last, to obtain the result (5.3.11), one 
considers the two-parameter conformal variation 



P{e, 7) = e-'^'^ P(0) - 76-^^-^ F . 



(5.3.16) 



Now in Eq. (5.3.9) we first replace n by n + 2, and then set m = n + 2. One then 
has, from Eq. (5.3.16): 



d 



^On/2+l(l,^'(£,7)) = . 



(5.3.17) 



Equation (5.3.17) can be differentiated with respect to 7, i.e. (see (5.3.10)) 



= dZd-,^n/2+l{l,Pis,^)) = ^^«n/2+l(l,e-^^^(P(0) -7F)) 



an/2(e-'^^F,e-2^^P(0)) , 



d_ 
'de 



(5.3.18) 



and hence Eq. (5.3.11) is proved. 

To deal with Robin boundary conditions (called Neumann in Branson and 
Gilkey 1990) one needs another lemma, which is proved following again Branson 
and Gilkey. What we obtain is indeed a particular case of a more general property. 
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which is proved in section 4 of Avramidi and Esposito 1997. Our starting point is 
M, a compact, connected one-dimensional Riemannian manifold with boundary. 
In other words, one deals with the circle or with a closed interval. If 



6:C~(M) — >^ 



is a smooth, real-valued function, one can form the first-order operator 



A= — -b , 
ax 



(5.3.19) 



and its (formal) adjoint 



ax 



(5.3.20) 



From these operators, one can form the second-order operators (cf. sections 5.5 
and 5.6) 

rf2 



Di = A^A = - 



Do = AA^ = 



dx^ ^ 



dx'^ 



+ 6. - 



(5.3.21) 



(5.3.22) 



where hx = For Di, Dirichlet boundary conditions are taken, while Robin 
boundary conditions are assumed for D-i- Defining 



fx — 



4f 

dx 



fxx — 



dx"^ 



one then finds the result (cf. Branson and Gilkey 1990): 



(n-1) 



an/2(/, Di) - a„/2(/, D2) 



— ^n/2—l (^fxx 

+ 26/„Di) . (5.3.23) 



As a first step in the proof of (5.3.23), one takes a spectral resolution for Di, say 
{Oy, Xi/}, where 9i, is the eigenfunction of Di belonging to the eigenvalue Ajy: 



Di 9y — Xy 9y 
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(5.3.24) 



Thus, differentiation with respect to t of the heat-kernel diagonal: 



(5.3.25) 



yields 



^^K{t, X, X, D^) = -Y, Ke-'^'' el{x) = - ^ e-*^-- (Di 6^)6, . (5.3.26) 



Moreover, for any Ajy ^ 0, the set 



AO, 



provides a spectral resolution of D2 on Ker(D2)"'", and one finds 
^^K{t,x,x,D2) = -J2 ^-^''^'^ ^'(^) 



- e"*^'' ( (yX; = - ^ e-'^-{Ae,){Ae,) . (5.3.27) 



Bearing in mind that AO,^ = if Aj^ = 0, summation may be performed over all 
values of to find 

d r 1 
2— yK{t, X, x, Di) - Kit, X, X, D2) 

= 2 e"*^" \{0'X - b'Ol - b'el) + {91 - b9,){9l - h9,) 



2E' 



9'X - y9l + {9',Y - '2b9X 



(5.3.28) 



On the other hand, differentiation with respect to x yields 



- 26^ K{t, X, X, Di) = e"'^'' {^9u9l - 26^^) , (5.3.29) 
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which imphes 



f ^ - 2M Kit, X, X, = 2/- [Kit, x, x, D^) - K{t, x, x, D^) 

(5.3.30) 

We now integrate this formula over M and use the boundary conditions described 
before, jointly with integration by parts. All boundary terms are found to vanish, 
so that 

'm \dx^ 



^ - 26 ) K{t, X, X, Di)dx 



+ 26-^ K(t, X, X, Di)dx 
ox ' 



^ 2f- [K{t, X, X, Di) - K{t, X, X, L»2)] . 



(5.3.31) 



Bearing in mind the standard notation for heat-kernel traces, Eq. (5.3.31) may be 
re-expressed as 



2# 

dt 



Tr 



L2 



(5.3.32) 



which leads to Eq. (5.3.23) by virtue of the asymptotic expansion (5.2.6). 

The algorithm resulting from Eq. (5.3.10) is sufficient to determine almost 
all interior terms in heat-kernel asymptotics. To appreciate this, notice that one 
is dealing with conformal variations which only affect the endomorphism of the 
operator P in (5.2.1). For example, on setting n = 2 in Eq. (5.3.10), one ends up 
by studying (the tilde symbol is now used for interior terms) 



ai(l,P)^i / ^ 



aiE + 



di{E,R) , 



(5.3.33) 



which implies 



ai(l,P(0) -eF) = di(E,R) -di(E - eF,R) 
1 



6 



Tr 



ai(E -{E- eF)) + a2{R - R) 

\ I lV(ai£F) , 
Jm 



(5.3.34) 
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and hence 



de 



ai{l,P{0)-eF) 



r=0 ^ Jm 



Tr{aiF) 



ao(F,P(0))= / Tr{F) 



(5.3.35) 



By comparison, Eq. (5.3.35) shows that 



CKl = 6 



(5.3.36) 



An analogous procedure leads to (see (5.2.20)) 

a2(l, P(0) - eF) = a2 (^E, R, Ric, Riem, - as - sF, R, Ric, Riem, 



1 



360 J M 
1 



Tr 



360 



a4ReF + a^{E'^ - {E - sFf) 
I Tr a^^RsF + aJ- e^F"^ + 2eEF\ 



(5.3.37) 



Now one can apply Eq. (5.3.10) when n = 4, to find 



d 



a2(l,P(0)-£F) 



de 

= ai(F,P(0)) 



1 



e=0 



360 



Tr 



M 



a4FR + 2a5FE 



Tr 



M 



aiFE + a2FR 



(5.3.38) 



Equating the coefficients of the invariants occurring in Eq. (5.3.38) one finds 



1 

"2 = — ^4 
60 



as = 30ai = 180 . 
Further, the consideration of Eq. (5.3.11) when n = 2 yields 



(5.3.39) 



(5.3.40) 



-^TriaiFE) 
de 



+ 2fTr{aiFE) 



e=0 



+ 



^^Tria^FR) 



+ 2fTi{a2FR) 



e=0 



(5.3.41) 



95 



At this stage, we need the conformal variation formulae 



e=0 



e=0 



-2/E+i(m-2)n/ 



-2fR-2{m-l)\Jf ■ 



(5.3.42) 



(5.3.43) 



Since we are studying the case m = n + 2 = 4, we find 



which imphes 



e=0 



Tr 



M 



{ai-6a2)F\Jf =0 , (5.3.44) 



1 



"2 = ^"1 = 1 
D 



a4 = 60a2 = 60 



(5.3.45) 
(5.3.46) 

After considering the Laplacian acting on functions for a product manifold M — 
Ml X M2, the complete set of coefficients for interior terms can be determined 
(Branson and Gilkey 1990): 



Q!3 = 60 , CKg = 12 , CKy = 5 , CKg = —2 , CKg = 2 , QJiq = 30 



(5.3.47) 



As far as interior terms are concerned, one has to use Eqs. (5.3.9) and (5.3.11), 
jointly with two conformal variation formulae which provide divergence terms that 
play an important role (Branson and Gilkey 1990): 



^.,(^,e-/p(0)) 



-(m-2)ai(/F,P(0)) 



e=0 



(5.3.48) 



|a.(p,e-/p(0)) 



(m-4)a2(/F,P(0)) 



e=0 



6/'%" + 10/'"P 



ab 



(5.3.49) 
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Equations (5.3.48) and (5.3.49) are proved for manifolds without boundary in 
Lemma 4.2 of Branson and Gilkey 1990. They imply that, for manifolds with 
boundary, the right-hand side of Eq. (5.3.48), evaluated for F = 1, should be 
added to the left-hand side of Eq. (5.3.9) when n = 2. Similarly, the right-hand 
side of Eq. (5.3.49), evaluated for F = 1, should be added to the left-hand side 
of Eq. (5.3.9) when n = 4. Other useful formulae involving boundary effects are 
(Branson and Gilkey 1990) 



Jm ^ ^ ;a JdM L ^ ^ 



TViTV 



(5.3.50) 



/□/ = -/ /;iv 
Jm JdM 



JdM JdM 



f;NN - {tTK)f.N 



(5.3.51) 



(5.3.52) 



(5.3.53) 



On taking into account Eqs. (5.3.48)-(5.3.53), the application of Eq. (5.3.9) 
when n = 2,3,4 leads to 18 equations which are obtained by setting to zero the 
coeflBcients multiplying 

f-N (when n = 2) , 



and 



f;NN , /;iv(trK) , /-nS (when n = 3) , 

/;o'''iV ' f;NE , f;NR , f;NR\iN ) 

f.,NN{trK) , /;iv(trK)2 ^ f.^KijK'^ , /|i(trK)l 



f;NNS , /, . S (when n = 4) 
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The integrals of these 18 terms have a deep geometric nature in that they form a 
basis for the integral invariants. The resulting 18 equations are 

-6o(m- 1) -6i(m-2) + ^62(^-2) - (m-4) = , (5.3.54) 

^co(m-2)-2ci(m-l) + C2(m-l)-C6(m-3) = , (5.3.55) 

co(m — 2) + 2ci(m — 1) — C2 — 2cj,{m — 1) 

-2c4-C5(m-3) + ^C7(m-2) = , (5.3.56) 

-C7(m-l) + C8(m-2)-C9(m-3) = , (5.3.57) 

-6(m - 6) + \dx (m - 2) - 2di{m - 1) - e7(m - 4) = , (5.3.58) 

-60(m-6) -2di -(i5(m- 1) + ^(ii4(m-2) -ei(m-4) = , (5.3.59) 
- 10(m - 6) - 2^2 - d^im - 1) 

+ c?9 + ^(ii5(m-2) -e2(m-4) = , (5.3.60) 
z 

— d'jijn — 1) — (is + 2(i9 — 63(777. — 4) 

+ -di6(m-2)+4(m-6) =0 , (5.3.61) 

^(i5(TO-2)-2(i6(TO-l) + cJ7(TO-l) + 4-e6(m-4) = , (5.3.62) 
z 

— -d^{m — 2) + 2dQ{m — 1) — dr — dg — 3dio(m — 1) 
z 

- 2dii + -dir{m - 2) - e^im - 4) = , (5.3.63) 

2 



— dg — dg{'m — 3) — dii{m — 1) — 3di2 

+ ^c/i8(m-2) -e5(m-4) = , (5.3.64) 
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ds{m - 4) - -4(m - 2) + 2d6{m - 1) - - dg - 4(m - 6) = , (5.3.65) 



d4(m-4)-d8-rf9(m-3) + 4(m-6) = , (5.3.66) 

(m - 4)di3 = , (5.3.67) 

1 

— -di4^{m — 2) + 2di5{m — 1) — diQ — 2dn{m — 1) 

-2cZi8 + c?i9(m-2)-e8(m-4) = , (5.3.68) 

-cii9(m-l) + ^d2o(m-2)-e9(m-4) = , (5.3.69) 

^di4(m-2)-2di5(m-l) + cJi6(m-l)-eio(m-4) = , (5.3.70) 

-di4(m -2) - 2c/i5(m - 1) + di6 - rf2i(TO -4) = . (5.3.71) 



This set of algebraic equations among universal constants holds independently of 
the choice of Dirichlet or Robin boundary conditions. Another set of equations 
which hold for either Dirichlet or Robin boundary conditions is obtained by apply- 
ing Eq. (5.3.11) when n = 3,4. One then obtains 5 equations which result from 
setting to zero the coefficients multiplying 

F;Nj;N (when n = 3) , 

f;NF.NN , I-nnF-n , /;jv-F;jv (trK) , f-NF-NS (whenn = 4) . 
The explicit form of these equations is (Branson and Gilkey 1990) 



-4c5 - 5c6 + = ' (5.3.72) 

-5e6 - 4e7 + 2eio = , (5.3.73) 

2ei - 1062 + 563 - 267 = , (5.3.74) 

-261 + 1062 - es - 1064 - 265 " 566 + 667 + 268 = , (5.3.75) 

-568 + 469 - 5610 = . (5.3.76) 
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Last, one has to use the Lemma expressed by Eq. (5.3.23) when n = 2,3,4, 
bearing in mind that 

El = E{Di) = -6, - , (5.3.77) 



E2 = E{D2) = ba,-b^ 



For example, when n = 2, one finds 



(5.3.78) 



ai(/,Di)-ai(/,L>2)-ao(/.x + 26/„Di) =0 , (5.3.79) 



which imphes (with Dirichlet for Di and Robin for D2) 



I \Qf{Ei - E2) - Qfxx - 125/J + / [ - b2fS - (3 + 6i)/;;vl = . (5.3.80) 

Jm L JdM L 



The integrand of the interior term in Eq. (5.3.80) may be re-expressed as a total 
divergence, and hence one gets 



dM 



[12-b2)fS+{3-bi)f., 



N 



, 



(5.3.81) 



which leads to 



61 = 3 , 62 = 12 



(5.3.82) 



Further details concern only the repeated application of all these algorithms, and 
hence we refer the reader to Branson and Gilkey 1990. 



5.4 Mixed Boundary Conditions 



Mixed boundary conditions occur naturally in the theory of fermionic fields, 
gauge fields and gravitation, in that some components of the field obey one set of 
boundary conditions, and the remaining part of the field obeys a complementary 
set of boundary conditions (Esposito et al. 1997). Here, we focus on some math- 
ematical aspects of the problem, whereas more difficult problems are studied in 
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chapters 6, 9 and 10. The framework of our investigation consists, as in section 5.3, 
of a compact Riemannian manifold, say M, with smooth boundary dM. Given a 
vector bundle V over M, we assume that V can be decomposed as the direct sum 



V = Vn®Vd 



(5.4.1) 



near dM. The corresponding projection operators are denoted by n„ and 11^, 
respectively. On Vn one takes Neumann boundary conditions modified by some 
endomorphism, say of Vn (see (5.2.15)), while Dirichlet boundary conditions 
hold on Vd. The (total) boundary operator reads therefore (Gilkey 1995) 



Bf = 



dM 



dM 



On defining 



= Iln - lid , 



(5.4.2) 



(5.4.3) 



seven new universal constants are found to contribute to heat-kernel asymptotics 
for an operator of Laplace type, say P. In other words, the linear combination 
of projectors considered in Eq. (5.4.3) gives rise to seven new invariants in the 
calculation of heat- kernel coefficients up to 02: one contributes to a3/2(/, -P, -B), 
whereas the other six contribute to a2(/, -P, B) (of course, the number of invariants 
is continuously increasing as one considers higher-order heat-kernel coefficients). 
The dependence on the boundary operator is emphasized by including it explicitly 
into the arguments of heat-kernel coefficients. One can thus write the general 
formulae (cf. (5.2.19) and (5.2.20)) 

a3/2(/,P,B) = ^(47r)i/2 / TV k/V^,, V'^j + a3/2(/, P, B) , (5.4.4) 

JdM L 



a2{f,P,B) 



1 



Tr 



/?2/V'V'K^^V + /33/V'|iV'"(trK) 



360 

+ V^'^ + ^3rN\^ n\] + a2(/, P, B) 



(5.4.5) 
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where 03/2 (/, -P, B) is formally analogous to Eq. (5.2.19), but with some universal 
constants replaced by linear functions of il!,Iln,^d, and similarly for a2{f,P,B) 
and Eq. (5.2.20). The work in Branson and Gilkey 1992b, Vassilevich 1995a 
and Gilkey 1995 has fixed the following values for the universal constants {(3^} 
occurring in Eqs. (5.4.4) and (5.4.5): 

Pi = -12 , /32 = 60 , /33 = -12 , /34 = -24 , (5.4.6) 

/?5 = -120 , /36 = -18 , /?7 = . (5.4.7) 

To obtain this result, it is crucial to bear in mind that the correct functorial 
formula for the endomorphism S is 

= -/-5+^(m-2)/;jvn„ . (5.4.8) 

This result was first obtained in Vassilevich 1995a, where the author pointed out 
that n„ should be included, since the variation of S should compensate the one 
of uJn only on the subspace Vn- The unfortunate omission of led to incorrect 
results in physical applications, which were later corrected in Moss and Poletti 
1994, hence confirming the analytic results in D'Eath and Esposito 1991a and 
Esposito et al. 1994a. 

There is indeed a very rich literature on the topics in spectral geometry studied 
in this chapter and in the previous one. In particular, further to the literature 
cited so far, we would like to recommend the work in Gilkey 1975, Kennedy 1978, 
Berard 1986, Amsterdamski et al. 1989, Avramidi 1989, Moss and Dowker 1989, 
Avramidi 1990a-b, Avramidi 1991, McAvity and Osborn 1991a-b, Fursaev 1994, 
Alexandrov and Vassilevich 1996, Falomir et al. 1996, Branson et al. 1997. 

5.5 Heat Equation and Index Theorem 

Heat-kernel asymptotics makes it possible to obtain a deep and elegant for- 
mula for the index of elliptic operators. The problem is studied by many authors 
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(e.g. Atiyah and Patodi 1973, Gilkey 1995). Here, we follow the outline given in 
Atiyah 1975a. 

Let P be an elliptic differential operator on a compact manifold X without 
boundary, and let be its adjoint. One can then consider the two self-adjoint 
operators P and PPK If is any eigenfunction of P^P with eigenvalue A: 

P^P(j) = X(j) , (5.5.1) 

one has, acting with P on the left: 

(PPt)P 4) = XP(j) . (5.5.2) 

This means that Pcj) is an eigenfunction of PP^ with eigenvalue A, provided that 
A does not vanish. Conversely, if $ is any eigenfunction of PP^ with eigenvalue A: 

ppt $ = A $ , (5.5.3) 

one finds 

(ptp)pt ^ = x P^$ , (5.5.4) 

i.e. P^$ is an eigenfunction of P^P with eigenvalue A, provided that A 7^ 0. In 
other words, the operators P^ P and PP^ have the same non-zero eigenvalues. 

The next step is the analysis of the operators e~*^^^ and e~*^^\ They are 
fundamental solutions of the corresponding heat equations (cf. Eq. (5.2.2)). For 
positive values of t, these have C°° kernels and hence are of trace class (i.e. they 
have finite norm). Their traces read 

ltL^(e-^^'^)= J^e-*^ , (5.5.5) 

A 

TVi2(e-^^^') =^e-*'^ , (5.5.6) 
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where the summations run over the respective spectra. Thus, bearing in mind that 
the non-vanishing A coincide with the non-vanishing while A = corresponds 
to the null-space of P, and /j, — corresponds to the null- space of P^, one finds 

index(P) = TrL2 (e"*^'^) - Tr^^ (e"*^^') . (5.5.7) 

On the other hand, it is well known from section 5.2, following the work in Mi- 
nakshisundaram and Pleijel 1949 and Greiner 1971, that for any elliptic self-adjoint 
differential operator A of order n with non-negative spectrum, the integrated heat- 
kernel has an asymptotic expansion (m being the dimension of X) 

oo 

Tr^ae"*^- J2 (^kt^'"" ■ (5.5.8) 

k=—m 

The coefficients ak are obtained by integrating over X a linear combination of 
local invariants (see (5.2.16)-(5.2.20)): 

ak= <^k ■ (5.5.9) 
Jx 

In our case, Eqs. (5.5.7)-(5.5.9) lead to a formula of the kind 

index(P) = {ao - Po) , (5.5.10) 
Jx 

where ckq and /3o refer to the operators P^P and PP^, respectively. If the manifold 
X has a boundary, boundary terms will contribute to the index. As we know from 
sections 3.6 and 3.7, it is sufficient to refer to the index of the Dirac operator, say 
T), which takes the general form 

index(P)= / {ao-po)+ [ ilo - So) , (5.5.11) 

Jx JdX 

where 70 and Sq are linear combinations of local invariants on the boundary. 
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5.6 Heat-Kernel and ^-Function 



If A is an elliptic, self-adjoint, positive-definite operator, the spectral theorem 
makes it possible to define its complex power A~^, where s is any complex number 
(Seeley 1967). The trace of the complex power of A is, by definition, its (- 
function: 

Ca{s) = TrL2A-' . (5.6.1a) 
In the literature, Eq. (5.6.1a) is frequently re-expressed in the form 

A>0 

where A runs over the (discrete) eigenvalues of A, counted with their multiplicity. 
As it stands, this infinite sum converges if Re(s) is greater than a lower limit 
depending on the dimension m of the Riemannian manifold under consideration, 
and on the order n of the operator A. Interestingly, 0(s) can be analytically 
continued as a meromorphic function on the whole s-plane (Seeley 1967, Atiyah 
et al. 1976, Esposito et al. 1997), which is regular at s = 0. Moreover, a deep 
link exists between the C-function of A and its integrated heat-kernel. This is 
expressed by the so-called inverse Mellin transform (Hawking 1977, Gilkey 1995): 




(5.6.2) 



where F is the F-function, defined in (4.2.28). If ^ is a second-order operator, the 
identity (5.6.2), jointly with the asymptotic expansion 

oo 

1^^.(6-*-^) , (5.6.3) 

implies that C(0) takes the form 

a(0) = = [ Qm/2 + [ Sm/2 , (5.6.4) 

Jx JdX 
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where Qm/2 ^md 8^/2 ^tre linear combinations of geometric invariants. Their ex- 
pression can be derived, for a given value of m, from the general method described 
in sections 5.2 and 5.3. In quantum field theory, Eq. (5.6.4) is found to express 
the conformal anomaly or the one-loop divergence (Hawking 1977, Esposito et al. 
1997). 

Moreover, for a given elliptic operator, say D, one can define the operators 
(cf. section 5.5) 

/Sq = 1 + D^D , (5.6.5) 
Ai = l + DD^ , (5.6.6) 

and the (^-functions 

Ci{s) = TTL^l\-' z=l,2 . (5.6.7) 
It is then possible to prove that (Atiyah 1966) 

index(L>) = Co(s)-Ci(s) • (5-6.8) 

Remarkably, this formula holds for all values of s. In particular, it is more conve- 
nient to choose s = for the explicit calculation. The equations (5.5.11), (5.6.4) 
and (5.6.8) show the deep link between index theory, heat-kernels and ^-functions. 
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CHAPTER SIX 



NON-LOCAL BOUNDARY CONDITIONS FOR 
MASSLESS SPIN- 1 FIELDS 



Abstract. This chapter studies the one-loop approximation for a massless spin-i 
field on a fiat four-dimensional Euclidean background bounded by two concen- 
tric three-spheres, when non-local boundary conditions of the spectral type are 
imposed. The use of ^-function regularization shows that the conformal anomaly 
vanishes, as in the case when the same field is subject to local boundary conditions 
involving projectors. A similar analysis of non-local boundary conditions can be 
performed for massless supergravity models on manifolds with boundary, to study 
their one-loop properties. Moreover, it is shown that the proof of self-adjointness 
for the boundary-value problem can be obtained by means of the limit-point cri- 
terion. 
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6.1 Introduction 



The quantum theory of fermionic fields can be expressed, following the ideas 
of Feynman, in terms of amplitudes of going from suitable fermionic data on a 
spacelike surface 5/, say, to fermionic data on a spacelike surface Sp. To make 
sure that the quantum boundary-value problem is well posed, one has actually to 
consider the Euclidean formulation, where the boundary three-surfaces, S/ and 
Tip, say, may be regarded as (compact) Riemannian three-manifolds bounding a 
Riemannian four-manifold. In the case of massless spin-1/2 fields, which are the 
object of our investigation, one thus deals with transition amplitudes 

^[boundary data] = J e'^'^V^p V^i , (6.1.1) 

where Ie is the Euclidean action functional, and the integration is over all mass- 
less spin-1/2 fields matching the boundary data on E/ and Ei?. The path-integral 
representation of the quantum amplitude (6.1.1) is then obtained with the help of 
Berezin integration rules, and one has a choice of non-local (D'Eath and Esposito 
1991b) or local (D'Eath and Esposito 1991a) boundary conditions. The math- 
ematical foundations of the former lie in the theory of spectral asymmetry and 
Riemannian geometry (Atiyah et al. 1975, Atiyah et al. 1976), and their formula- 
tion can be described as follows. In two-component spinor notation (see appendix 
6. A), a massless spin-1/2 field in a four- manifold with positive-definite metric is 

represented by a pair (^^I^^jI/ja'^ of independent spinor fields, not related by any 

spinor conjugation. Suppose now that and are expanded on a family of 
concentric three-spheres as 



oo (n+l)(n+2) 



^^ = ^r-^Yl E <'[mnp{T)p^'^ + ?np{T)a-'''\ , (6.1.2) 

n=0 p,q=l 



oo (n+l)(n+2) 

^^' = 2^^""E E <'[f^np{r)r'^' + r^p{T)a-^^'] . (6.1.3) 

n=0 p,q=l 
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With a standard notation, r is the Euchdean-time coordinate which plays the 
role of a radial coordinate, and the block-diagonal matrices and the p- and 
(T-harmonics are described in detail in D'Eath and Halliwell 1987. One can now 
check that the harmonics p^i"^ have positive eigenvalues for the intrinsic three- 
dimensional Dirac operator on S^: 



T>AB = eUAB' ef' ^^^D. 



(6.1.4) 



and similarly for the harmonics cr"^"^' and the Dirac operator 

T^A'B' = eTlBA' ej^^ '^^^Dj . 



(6.1.5) 



With our notation, e^AB' is the Euclidean normal to the boundary, ^ are the 
spatial components of the two-spinor version of the tetrad, and ^^^-Dj denotes three- 
dimensional covariant differentiation on S^. By contrast, the harmonics a^^^ and 
-pnqA j^g^yg negative eigenvalues for the operators (6.1.4) and (6.1.5), respectively. 

The so-called spectral boundary conditions rely therefore on a non-local op- 
eration, i.e. the separation of the spectrum of a first-order elliptic operator (our 
(6.1.4) and (6.1.5)) into a positive and a negative part. They require that half of 
the spin-1/2 field should vanish on Ep, where this half is given by those modes 
i^npij) and rnpij) which multiply harmonics having positive eigenvalues for (6.1.4) 
and (6.1.5), respectively. The remaining half of the field should vanish on E/, and 
is given by those modes Tnpir) and rhnpir) which multiply harmonics having neg- 
ative eigenvalues for (6.1.4) and (6.1.5), respectively. One thus writes 



= 



J Si 



A' 
(+) 



and 



m 



np 



np 



np 



= , 



, 



, 



(6.1.6) 
(6.1.7) 

(6.1.8) 
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m 



np 







(6.1.9) 



Massless spin- 1/2 fields are here studied since they provide an interesting example 
of conformally invariant field theory for which the spectral boundary conditions 
(6.1.6)-(6.1.9) occur naturally already at the classical level (D'Eath and Halliwell 
1987). 

Section 6.2 is devoted to the evaluation of the ({0) value resulting from the 
boundary conditions (6.1.6)-(6.1.9). This yields the one- loop divergence of the 
quantum amplitude, and coincides with the conformaly anomaly in our model. 
Essential self-adjointness is proved in section 6.3. 



6.2 ({0) Value with Non-Local Boundary Conditions 



As shown in D'Eath and Esposito 1991a-b, Esposito 1994a, the modes occur- 
ring in the expansions (6.1.2) and (6.1.3) obey a coupled set of equations, i.e. 



dr T 



d 

dr T 



•^np — -^np -^np i (6.2.1) 



•^np — -^np "^np ; (6.2.2) 



where Xnp denotes m„p or r^p, and Xnp denotes m„p or r^p. Setting E^p = M 
for simplicity of notation one thus finds, for all n > 0, the solutions of (6.2.1) and 
(6.2.2) in the form 

mnp(r) - /3i,nV^/n+l(Mr) + P2,nV^Kn+l{MT) , (6.2.3) 

rnp{r) = /3i,nV^/n+l(MT) + (32,nV^Kn+l{MT) , (6.2.4) 
mnpir) = Pi,nV^In+2{MT) - /?2,nV^i^n+2 (Mr) , (6.2.5) 
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rnp{r) = Pl,nV^In+2{MT) - /?2,n (Mr) , (6.2.6) 

where Pi^n and P2,n are some constants. The insertion of (6.2.3)-(6.2.6) into the 
boundary conditions (6.1.6)-(6.1.9) leads to the equations (hereafter b and a are 
the radii of the two concentric three-sphere boundaries, with b > a, and we define 

Pn = P2,n/Pl,n) 

In+l{Mb)+(3nKr,+i{Mb)^0 , (6.2.7) 

for rrinp and r^p modes, and 

In+2{Ma) - pnKnMMa) = , (6.2.8) 

for -ninp and Tnp modes, with the same value of M. One thus finds two equivalent 
formulae for P^i' 

In+l{Mb) _ In+2{Ma) 

K^+,{Mb) - K^+,iMa) ' ^^-^-^^ 
which lead to the eigenvalue condition 

In+i{Mb)Kn+2{Ma) + In+2{Ma)Kn+i{Mb) = . (6.2.10) 

The full degeneracy is 2{n + l)(n + 2), for all n > 0, since each set of modes 
contributes to (6.2.7) and (6.2.8) with degeneracy (n + l){n + 2) (D'Eath and 
Esposito 1991b). 

We can now apply ^-function regularization to evaluate the resulting con- 
formal anomaly, following the algorithm developed in Barvinsky et al. 1992 and 
applied several times in the recent literature (Esposito et al. 1997). The basic 
properties are as follows. Let us denote by /„ the function occurring in the equa- 
tion obeyed by the eigenvalues by virtue of boundary conditions, after taking out 
fake roots (e.g. a; = is a fake root of order u of the Bessel function I^{x)). Let 
d{n) be the degeneracy of the eigenvalues parametrized by the integer n. One can 
then define the function 

oo 

/(M^ s)=J2 d{n)n-^' log fn{M^) , (6.2.11) 

n=no 
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and the work in Barvinsky et al. 1992 shows that such a function admits an 
analytic continuation to the complex-s plane as a meromorphic function with a 
simple pole at s = 0, in the form 



"/(M2, s)" = + /^(M^) + 0{s) . (6.2.12) 



The function /poie(-/Vf^) is the residue at s = 0, and makes it possible to obtain 
the C(0) value as 

C(0) = /log + /pole(M2 = oo) - /pole(M2 = 0) , (6.2.13) 

where Iiog is the coefficient of the log(M) term in as M ^ oo. The contributions 
/log and /poie(oc)) are obtained from the uniform asymptotic expansions of basis 
functions as M ^ oo and their order n — > oo (Olver 1954), while /poie(O) is 
obtained by taking the M ^ limit of the eigenvalue condition, and then studying 
the asymptotics as n — > oo. More precisely, /poie(oo) coincides with the coefficient 
of ^ in the expansion as n — > oo of 

^(i(n)log poo(n) 

where Pooip) is the n-dependent term in the eigenvalue condition as M ^ oo 
and n — > oo. The /poie(O) value is instead obtained as the coefficient of ^ in the 
expansion as n — > oo of 

\d{n)\og po{n) 

where po{n) is the n-dependent term in the eigenvalue condition as M — > and 
n — > oo (Barvinsky et al. 1992, Kamenshchik and Mishakov 1992). 

In our problem, using the limiting form of Bessel functions when the argument 
tends to zero, one finds that the left-hand side of Eq. (6.2.10) is proportional to 
as M — > 0. Hence one has to multiply by M to get rid of fake roots. Moreover, 
in the uniform asymptotic expansion of Bessel functions as M — > oo and n — > oo. 
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both / and K functions contribute a factor. These properties imply that Iiog 
vanishes: 



1=1 



Moreover, 



/poie(oo) = , (6.2.15) 



since there is no n-dependent coefficient in the uniform asymptotic expansion of 
Eq. (6.2.10). Last, one finds 

/poie(O) = , (6.2.16) 
since the hmiting form of Eq. (6.2.10) as M — > and n — > oo is 

2 



Ma 



(b/a) 



n+l 



The results (6.2.14)-(6.2.16), jointly with the general formula (6.2.13), lead to a 
vanishing value of the one-loop divergence: 

C(0) = . (6.2.17) 

Our detailed calculation shows that, in flat Euclidean four-space, the confor- 
mal anomaly for a massless spin- 1/2 field subject to non-local boundary conditions 

of the spectral type on two concentric three-spheres vanishes, as in the case when 
the same field is subject to the local boundary conditions 

\/2 en/' •0^ = iV'^' on S/ and • (6.2.18) 

If Eq. (6.2.18) holds and the spin-1/2 field is massless, the work in Kamenshchik 
and Mishakov 1994 shows in fact that C(0) = 0. 

Backgrounds given by fiat Euclidean four-space bounded by two concentric 
three-spheres are not the ones occurring in the Hartle-Hawking proposal for quan- 
tum cosmology, where the initial three-surface E/ shrinks to a point (Hartle and 
Hawking 1983, Hawking 1984). Nevertheless, they are relevant for the quanti- 
zation programme of gauge fields and gravitation in the presence of boundaries 
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(Esposito et al. 1997). In particular, similar techniques have been used in section 
5 of Esposito and Kamenshchik 1996 to study a two-boundary problem for simple 
supergravity subject to spectral boundary conditions in the axial gauge. One then 
finds the eigenvalue condition 



for all n > 0. The analysis of Eq. (6.2.19) along the same lines of what we have 
done for Eq. (6.2.10) shows that three-dimensional transverse-traceless gravitino 
modes yield a vanishing contribution to C(0), unlike three-dimensional transverse- 
traceless modes for gravitons, which instead contribute —5 to C(0) (Esposito et al. 



Thus, the results in Esposito and Kamenshchik 1996 seem to show that, at 
least in finite regions bounded by one three-sphere or two concentric three-spheres, 
simple supergravity is not one-loop finite in the presence of boundaries. Of course, 
more work is in order to check this property, and then compare it with the finiteness 
of scattering problems suggested in D'Eath 1996. Further progress is thus likely 
to occur by virtue of the fertile interplay of geometric and analytic techniques in 
the investigation of heat-kernel asymptotics and (one-loop) quantum cosmology. 



This section is devoted to the mathematical foundations of the one-loop anal- 
ysis described so far. We shall see that the boundary conditions are enough to 
determine a real and positive spectrum for the squared Dirac operator (from which 
the C(0) value can be evaluated as we just did). 

We here consider the portion of fiat Euclidean four-space bounded by a three- 
sphere of radius a. On inserting the expansions (6.1.2) and (6.1.3) into the massless 
spin- 1/2 action 



In+2{Mb)Kr,+3{Ma) + In+z{Ma)Kr,+2{Mh) = 



(6.2.19) 



1994b). 



6.3 Self-Adjointness 




(6.3.1) 
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and studying the spin- 1/2 eigenvalue equations, one finds that the modes obey the 
second-order differential equations 



PnTIT'np — -fn'^n,j5+l — Pn^np — Pnfn,p+1 — , 



(6.3.2) 



where 



QnTnp — QnTn,p-\-l — Qn^T^np — QnJ^n,p+\ — i 



Pr, 



Qn — 



dr^ 



+ 



+ 



Ei 



(6.3.3) 



(6.3.4) 



(6.3.5) 



and En are the eigenvalues of the mode-by-mode form of the Dirac operator (Es- 
posito 1994a). 

The spectral boundary conditions (6.1.6)-(6.1.9) imply that, in our case. 



mnp{a) = 



(6.3.6) 



rnp(a) = . 



(6.3.7) 



Thus, one studies the one-dimensional operators Qn defined in (6.3.5), and the 
eigenmodes are requested to be regular at the origin, and to obey (6.3.6) and 
(6.3.7) on . For this purpose, it is convenient to consider, for all n = 0, 1, 2, 
the differential operators 



(6.3.8) 



with domain given by the functions u in AC^[0, a] such that u{a) = 0. These are 
particular cases of a large class of operators considered in the literature. They can 
be studied by using the following definitions and theorems from Reed and Simon 
1975 (cf. Chernoff 1977, Weidmann 1980): 
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Definition 6.3.1. The function V is in the limit circle case at zero if for some, and 
therefore all A, all solutions of the equation 

-^"{x) + V{x)^p{x) = \(p{x) (6.3.9) 

are square integrable at zero. 

Definition 6.3.2. If V{x) is not in the limit circle case at zero, it is said to be in 
the limit point case at zero. 

Theorem 6.3.1. Let V be continuous and positive near zero. If V{x) > \x~'^ near 
zero, then O is in the limit point case at zero. 

When V{x) takes the form ^ for c > 0, theorem 6.3.1 can be proved as follows 
(Reed and Simon 1975). The equation 

-<p"{x) + ^^{x) = (6.3.10) 
x^ 

admits solutions of the form x°', where a takes the values 

ai = ^ + ^VTT^ , (6.3.11) 

a2 = ^-^VT+^ . (6.3.12) 

When a = ai the solution is obviously square integrable at zero. However, when 
a = a2, the solution is square integrable at zero if and only if q;2 > — |, which 
implies c < |. By virtue of definitions 6.3.1 and 6.3.2, this means that V{x) is in 
the limit point at zero if and only if c > |. 

The operator obeys the limit point condition at r = 0, as we have just 
proved, and the limit circle condition at r = a. These properties, jointly with the 
homogeneous Dirichlet condition at r = a, are sufficient to obtain a self-adjoint 
boundary-value problem. The calculation of conformal anomalies for massless 
spin- 1 fields on flat Euclidean manifolds with boundary, initiated in D'Eath and 
Esposito 1991a-b and confirmed in Kamenshchik and Mishakov 1992-1993, has 
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led over the last few years to a substantial improvement of the understanding of 
one-loop divergences in quantum field theory. Various independent techniques, 
which often rely on the structures applied in the spin-| analysis, have been used 
to deal with the whole set of perturbative modes for Euclidean Maxwell theory and 
Euclidean quantum gravity (Esposito 1994a-b; Esposito et al. 1994a-b, 1995a-b; 
Esposito et al. 1997). Nevertheless, a systematic analysis aimed at explaining why 
the various C(0) values are well defined was still lacking in the literature. 

Our investigation, which relies in part on Esposito et al. 1996, represents 
the first step in this direction, in the case of the squared Dirac operator with 
the spectral boundary conditions (6.1.6)-(6.1.9). Note that such non-local bound- 
ary conditions play a crucial role in our proof, and that the extension to the 
local boundary conditions studied in D'Eath and Esposito 1991a (see section 10.3) 
remains the main open problem in our investigation. For this purpose, the calcula- 
tion of deficiency indices (Reed and Simon 1975) appears more appropriate. This 
would complete the analysis in Esposito 1994a, Esposito 1995, where the existence 
of self-adjoint extensions is proved by showing that a linear, anti-involutory oper- 
ator F exists which is norm-preserving, commutes with the Dirac operator T> and 
maps the domain of V into itself. 

Moreover, it remains to be seen how to apply similar techniques to the anal- 
ysis of higher-spin fields. These are gauge fields and gravitation, which obey a 
complicated set of mixed boundary conditions (Esposito et al. 1997). The mixed 
nature of the boundary conditions results from the request of their invariance un- 
der infinitesimal gauge transformations. In particular, for the gravitational field, 
at least five different sets of mixed boundary conditions have been proposed in the 
literature (Barvinsky 1987, Luckock and Moss 1989, Luckock 1991, Esposito and 
Kamenshchik 1995, Marachevsky and Vassilevich 1996, Moss and Silva 1997). If 
this investigation could be completed, it would put on solid ground the current 
work on trace anomalies and one-loop divergences on manifolds with boundary, 
and it would add evidence in favour of quantum cosmology being at the very heart 
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of many exciting developments in quantum field theory, analysis and differential 
geometry (Esposito et al. 1997). 



6. A Appendix 



Two-component spinor calculus is a powerful tool for studying classical field 
theories in four-dimensional space-time models. Within this framework, the basic 
object is spin-space, a two-dimensional complex vector space S with a symplectic 
form £, i.e. an antisymmetric complex bilinear form. Unprimed spinor indices 
A, B, ... take the values 0, 1 whereas primed spinor indices A', B' , ... take the val- 
ues 0', V since there are actually two such spaces: unprimed spin-space {S, e) 
and primed spin-space (S",^'). The whole two-spinor calculus in Lorentzian four- 
manifolds relies on three fundamental properties (Penrose and Rindler 1984, Ward 
and Wells 1990) 



(i) The isomorphism between yS^SABj and its dual (^S'*,£^^j. This is pro- 
vided by the symplectic form £, which raises and lowers indices according to the 
rules 




{6.A.1) 



(p SB A = (fA & S 



{6.A.2) 



Thus, since 




(6.^.3) 



one finds in components (p^ = (pi, (p = —(fQ. 

Similarly, one has the isomorphism ( S", Sa' b' 



) ^(^(^')*:£^'^'): which imph 



ifB' = V^' e S' 



(6.A.4) 



if^' SB' A' = <PA' e {S'y 



{6.A.5) 
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SA'B'-s^'^' ={ 0' . (6.A6) 



where 

-1' 

(ii) The anti-isomorphism between {^S^sab^ and [s' ^Ea'B'^^ caUed complex 
conjugation, and denoted by an overbar. According to a standard convention, one 
has 

V^^V'^' e 5' , (6.A.7) 



iP^' =^ e S . (6.A.8) 

Thus, complex conjugation maps elements of a spin-space to elements of the com- 
plementary spin-space. Hence we say that it is an anti-isomorphism (Stewart 

1991). In components, if is viewed as = ^^^5 the action of (6. A. 7) leads 
to 



w^ = w'^' = ] , {6.A.9) 



whereas, if z^' = ^ , then (6. A. 8) leads to 



zA' =z^= [:^) . (6.^.10) 



With our notation, a denotes complex conjugation of the function a, and so on. 
Note that the symplectic structure is preserved by complex conjugation, since 
£a'B' = £a'B'- 

(iii) The isomorphism between the tangent space T at a point of space-time 
and the tensor product of the unprimed spin-space ^S, eab^ and the primed spin- 
space (^S',Sa'B'^' 

T^(^S,eAB)^[s',eA'B') ■ (6.A11) 
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The Infeld-van der Waerden symbols cr'*^^, and cr^"^^' express this isomorphism, 
and the correspondence between a vector v°' and a spinor v^^ is given by 

v^^' = a/^' , (6.^.12) 

v"" = v^^' a^AA' ■ {6.A.13) 
These mixed spinor-tensor symbols obey the identities (Ward and Wells 1990) 

(6.^.14) 



— AA' _ AA' 



<^a^^' ^'aa'=C , (6.A15) 

c^a''^' (T%B'=eB''eB/'' , (6.A16) 

<^'^6]A^' = -^^a6c.a'=^^' A^' . (6.A17) 

Similarly, a one-form coa has a spinor equivalent 

(^AA' = Cr°'AA' ■> (6.^1.18) 

whereas the spinor equivalent of the metric is 

^ab Cr'^AA' (^^BB' = ^AB £A'B' ■ (6.^1.19) 

In particular, in Minkowski space-time Eqs. (6. A. 12) and (6. A. 17) enable one to 
write down a coordinate system in 2 x 2 matrix form 



X +0: X IX (6.A20) 
^\x^ -V ix^ x^ — x"^ ) ^ ' 



In the Lorentzian-signature case, the Maxwell two-form F = Fabdx°' Adx'' can 
be written spinorially (Ward and Wells 1990) as 

Faa'bb' = -^(^Faa'bb' — Fbb'AA'^ — ^ab £a'B' + Va'B' £ab , (6.^.21) 
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where 



'^AB = If^c'b^' = ^{AB) , (6.^.22) 



2 

1 



^A'B' = 2^CB' A' = <^(A'B') • {6.A.23) 

These formulae are obtained by applying the identity 

Tab - Tba = sab Tc'^ (6.A.24) 

to express ^(Faa'bb' - Fab'ba'^ and ^(Fab'ba' - Fbb'AA'^ ^^^^ ^^^^ ^^^^ 
round brackets (AB) denote (as usual) symmetrization over the spinor indices 
A and B, and that the antisymmetric part of (pAB vanishes by virtue of the 
antisymmetry of Fab, since (Ward and Wells 1990) (P[ab\ — \^ab Fcc^^ — 
\^AB v'^^ Fed = 0. Last, but not least, in the Lorentzian case 

Vab ='^A'B' = Va'B' ■ (6.^.25) 

The symmetric spinor fields (pAB and fA'B' are the anti-self-dual and self-dual 
parts of the gauge curvature two-form, respectively. 

Similarly, the Weyl curvature C°'f,cdJ P^^^ Riemann curvature 

tensor invariant under conformal rescalings of the metric, may be expressed spino- 
rially, omitting soldering forms (see below) for simplicity of notation, as 

Cabcd = 'ipABCD ^A'B' D' + '4^A'B'C'D' ^AB £CD ■ (6. A. 26) 

It should be emphasized that it is exactly the omission of soldering forms that 
makes it possible to achieve the most transparent translation of tensor fields into 
their spinor equivalent. 

In canonical gravity, two-component spinors lead to a considerable simplifica- 
tion of calculations. Denoting by the future-pointing unit timelike normal to a 
spacelike three-surface, its spinor version obeys the relations 

riAA' e^^; = , (6.A.27) 
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UAA' n^^' = 1 , (6.^.28) 

where e-^^^ = e"^ cTq^^ two-spinor version of the tetrad, often referred to in 

the hterature as soldering form (Ashtekar 1988). Denoting by h the induced metric 
on the three-surface, other useful relations are (D'Eath 1984, Esposito 1994a) 

Kj = -CAA'i e^^'j , (6.^.29) 

e^^o = N n^^' + N' e^^; , (6.^.30) 
UAA' n^^' = ^e/ , (6.^.31) 

UAA' n^^' = ^e^P' , (6.A.32) 
1 



n 



[EB' n'A]A' = '^^EA SB'A' , (6. A. 33) 



eAA'j e^^fc = ~hjk e^P' - iejkiVdet h uaa' e^^'' . (6.^.34) 

In Eq. (6. A. 30), N and are the lapse and shift functions respectively (Esposito 
1994a). 

To obtain the space-time curvature, we first need to define the spinor covariant 
derivative Vaa'- If 4>i are spinor fields, Vaa' is a map such that (Penrose and 
Rindler 1984, Stewart 1991) 

(1) Vaa'{0 + 0) = Vaa'O + Vaa'(P (i.e. linearity). 

(2) VAA'iOij) ={yAA'0^iJ + 0(yAA''ip) (i.e. Leibniz rule). 

(3) ip = ^AA'd implies ip = Vaa'(^ (i.e. reality condition). 

(4) Waa'i^bc = aa'S^^ = 0, i.e. the symplectic form may be used to raise 
or lower indices within spinor expressions acted upon by V^A', in addition to 
the usual metricity condition V^r = 0, which involves instead the product of two 
e-symbols. 
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(5) Vaa' commutes with any index substitution not involving A, A'. 

(6) For any function /, one finds = 2S^fj^ Vc/, where S^,^^ is 
the torsion tensor. 

(7) For any derivation D acting on spinor fields, a spinor field ^"^"^ exists such 
that D^; = Vaa'V', VV'- 

As proved in Penrose and Rindler 1984, such a spinor covariant derivative exists 
and is unique. 

If Lorentzian space-time is replaced by a complex or real Riemannian four- 
manifold, an important modification should be made, since the anti-isomorphism 
between unprimed and primed spin-space no longer exists. This means that primed 
spinors can no longer be regarded as complex conjugates of unprimed spinors, or 
viceversa, as in (6. A. 7) and (6. A. 8). In particular, Eqs. (6. A. 21) and (6. A. 26) 
should be re-written as 

Faa'bb' = 'Pab sa'B' + Va'B' £ab , (6.^.35) 

Cabcd = tpABCD ^A'B' SC'D' + tpA'B'C'D' ^AB SCD ■ (6.^.36) 

With our notation, ^pab^ PA'B', as well as ipABCD.i^A'B'C'D' are completely inde- 
pendent symmetric spinor fields, not related by any conjugation. 

Indeed, a conjugation can still be defined in the real Riemannian case, but it 

no longer relates (^S, sab^ to ^5', £a'B'^ • It is instead an anti-involutory operation 

which maps elements of a spin-space (either unprimed or primed) to elements of the 
same spin-space. By anti-involutory we mean that, when applied twice to a spinor 
with an odd number of indices, it yields the same spinor with the opposite sign, 
i.e. its square is minus the identity, whereas the square of complex conjugation 
as defined in (6. A. 9) and (6. A. 10) equals the identity. Following Woodhouse 1985 
and Esposito 1994a, Euclidean conjugation, denoted by a dagger^ is defined as 
follows: 




(6.^.37) 
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This means that, in flat Euchdean four-space, a unit 2x2 matrix 5ba' exists such 
that 

(w^)^ = 6'''' Sba'w'^' . (6.A39) 

We are here using the freedom to regard w"^ either as an SL{2, C) spinor for which 
complex conjugation can be defined, or as an SU (2) spinor for which Euchdean 
conjugation is instead available. The soldering forms for SU (2) spinors only involve 
spinor indices of the same spin-space, i.e. e^^^ andCj^'-^' (cf. Ashtekar 1991). 
More precisely, denoting by i?* a real triad, where i = 1,2,3, and by r"^-^ the 
three Pauli matrices obeying the identity 

T% ^ = i e"^" T^A^ + S""^ 5/" , (6.yl.40) 

the SU (2) soldering forms are defined by 

P/^-A=Eir\^ . (6.A41) 

Note that our conventions diff'er from the ones in Ashtekar 1991, i.e. we use e 
instead of a, and a,b for Pauli-matrix indices, i,j for tangent-space indices on 
a three- manifold S, to agree with our previous notation. The soldering form 
in (6. A. 41) provides an isomorphism between the three-real-dimensional tangent 
space at each point of S, and the three- real-dimensional vector space of 2 x 2 
trace-free Hermitian matrices. The Riemannian three-metric on S is then given 

by 
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CHAPTER SEVEN 



MASSLESS SPIN-f POTENTIALS 



Abstract. This chapter studies the two-spinor form of the Rarita-Schwinger po- 
tentials subject to local boundary conditions compatible with local supersymmetry. 
The massless Rarita-Schwinger field equations are studied in four-real-dimensional 
Riemannian backgrounds with boundary. Gauge transformations on the potentials 
are shown to be compatible with the field equations providing the background 
is Ricci-flat, in agreement with previous results in the literature. However, the 
preservation of boundary conditions under such gauge transformations leads to a 
restriction of the gauge freedom. The recent construction by Penrose of a second 
set of potentials which supplement the Rarita-Schwinger potentials is then applied. 
The equations for these potentials, jointly with the boundary conditions, imply 
that the background four- geometry is further restricted to be totally flat. The 
analysis of other gauge transformations confirms that, in the massless case, the 
only admissible class of Riemannian backgrounds with boundary is totally flat. 
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7.1 Introduction 



Over the last few years, much effort has been made to study locally super- 
symmetric boundary conditions in perturbative quantum cosmology (Luckock and 
Moss 1989, Luckock 1991, D'Eath and Esposito 1991a, Esposito 1994a-b, Ka- 
menshchik and Mishakov 1993, Kamenshchik and Mishakov 1994, Esposito et al. 
1997). The aim of this chapter is to perform a complete analysis of the correspond- 
ing classical elliptic boundary-value problems. Indeed, in Esposito and PoUifrone 
1994 it was shown that one possible set of local boundary conditions for a mass- 
less field of spin s, involving field strengths 0a. ..l and 4>a'...l' and the Euclidean 
normal (>n^^ to the boundary: 

2%n^^'...en-^^' (^A...L = ± 0^'-^' at dM , (7.1.1) 

can only be imposed in flat Euclidean backgrounds with boundary. However, such 
boundary conditions [motivated by supergravity theories in anti-de Sitter space- 
time (Breitenlohner and Freedman 1982, Hawking 1983), where (7.1.1) is essential 
to obtain a well-defined quantum theory after taking the covering space of anti-de 
Sitter] do not make it possible to relate bosonic and fermionic fields through the ac- 
tion of complementary projection operators at the boundary (Luckock 1991). For 
this purpose, one has to impose another set of local and supersymmetric boundary 
conditions, first proposed in Luckock and Moss 1989. These are in general mixed, 
and involve in particular Dirichlet conditions for the transverse modes of the vec- 
tor potential of electromagnetism, a mixture of Dirichlet and Neumann conditions 
for scalar fields, and local boundary conditions for the spin-| field and the spin-| 
potential. Using two-component spinor notation for supergravity (D'Eath 1984, 
Esposito 1995, D'Eath 1996), the spin-| boundary conditions relevant for quantum 
cosmology take the form (Esposito 1994a) 

V2 en/' V'^^ = iV'l' at dM . (7.1.2) 
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With our notation, yip^^, ip^^j are the independent (i.e. not related by any con- 
jugation) spatial components (hence i = 1,2,3) of the spinor- valued one- forms 
appearing in the action functional of Euclidean supergravity (D'Eath 1996). 

In the light of the results outlined so far, a naturally occurring question is 
whether an analysis motivated by the one in Esposito and PoUifrone 1994 can be 
used to derive restrictions on the classical boundary-value problem corresponding 
to (7.1.2). Such a question is of crucial importance for at least two reasons: 

(i) In the absence of boundaries, extended supergravity theories are naturally 
formulated on curved backgrounds with a cosmo logical constant (Breitenlohner 
and Freedman 1982, Hawking 1983). Thus, if a local theory in terms of spin-| 
potentials and in the presence of boundaries can only be studied in flat Euclidean 
four-space, this result would make it impossible to consider the most interesting 
supergravity models when a four- manifold with boundaries occurs. 

(ii) One of the main problems of the twistor programme for general relativity lies 
in the impossibility of achieving a twistorial reconstruction of (complex) vacuum 
space-times which are not right-flat (i.e. such that the Ricci spinor Raa'bb' and 
the self-dual Weyl spinor iI^a'B'CD' vanish). To overcome this difficulty, Penrose 
has proposed a new definition of twistors as charges for massless spin-| fields in 
Ricci-flat Riemannian manifolds (Penrose 1994, Esposito 1995). However, since 
gravitino potentials have been studied also in backgrounds which are not Ricci- 
flat, one is led to ask whether the recent Penrose formalism can be applied to the 
analysis of a larger class of Riemannian four-manifolds with boimdary. 

For this purpose, we introduce in section 7.2 the Rarita-Schwinger potentials 
with their gauge transformations in Riemannian background four-geometries. Sec- 
tion 7.3 derives compatibility conditions from the gauge transformations of section 
7.2, and from the boundary conditions (7.1.2). Section 7.4 is devoted to the poten- 
tials which supplement the Rarita-Schwinger potentials in Ricci-flat backgrounds. 
Section 7.5 studies other sets of gauge transformations. Concluding remarks and 



127 



open problems are presented in section 7.6. Relevant details about the two-spinor 
form of Rarita-Schwinger equations are given in the appendix. 



7.2 Rarita-Schwinger Potentials 



For the reasons described in the introduction, we are here interested in the 

independent spatial components of the gravitino field in Riemannian 

backgrounds. In terms of the spatial components cae'i of the tetrad, and of 
spinor fields, they can be expressed as (Aichelburg and Urbantke 1981, D'Eath 
1984, Penrose 1991) 

V'Ai = r^Ase^C'i , (7.2.1) 
i^A' i = l^A'B' efi ■ (7.2.2) 

A first important difference with respect to the Dirac form of the potentials studied 
in Esposito and PoUifrone 1994 is that the spinor fields V^'j^^ and ^^^'B' 
longer symmetric in the second and third index. From now on, they will be referred 
to as spin- 1 potentials. They obey the differential equations (see appendix and cf. 
Rarita and Schwinger 1941, Aichelburg and Urbantke 1981, Penrose 1991) 



e""'^' Va{A' i\')c' = -3A 5^' , (7.2.3) 

V ^ 7 B'C = * c "i' ' (7.2.4) 

s^^ Va'{a r^B)c = -3A «A , (7.2.5) 

V^(^' r^') c = c «L , (7.2.6) 



where V ab' is the spinor covariant derivative corresponding to the curved con- 
nection V of the background, the spinors ^^^q,j^, and ^^'^'cd correspond to the 
trace- free part of the Ricci tensor, the scalar A corresponds to the scalar curva- 
ture R = 24A of the background, and a^jCiA' are a pair of independent spinor 
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fields, corresponding to the Majorana field in the Lorentzian regime. Moreover, 
the potentials are subject to the gauge transformations (cf. section 7.5) 

I'^B'C = l\>c> + Ac , (7.2.7) 

f^sc = r''BC + V^B^c . (7.2.8) 

A second important difi'erence with respect to the Dirac potentials is that the 
spinor fields vb and \b' are no longer taken to be solutions of the Weyl equation. 
They should be freely specifiable (see section 7.3). 

7.3 Compatibility Conditions 

Our task is now to derive compatibility conditions, by requiring that the 
field equations (7.2.3)-(7.2.6) should also be satisfied by the gauge-transformed 
potentials appearing on the left-hand side of Eqs. (7.2.7)-(7.2.8). For this purpose, 
after defining the operators 

□ as = Vm'(a ^sf , (7.3.1) 

Da'B' = Vf(^' ^b') 1 (7.3.2) 
we need the standard identity ^[ab] = \^ab ^(f and the spinor Ricci identities 

\I\ab i^c = i^ABCD -'^J^i^{a£b)c , (7.3.3) 

\Z\a'B'^C' = tpA'B'C'D' — 2A A(^/ eB/)c/ , (7.3.4) 
□ ^^Ab' = ^^Vb. A^' , (7.3.5) 

n^'^' UB^^^'^MB^"" . (7.3.6) 

Of course, iI^a'B'CD' and i/^abcd are the self-dual and anti-self-dual Weyl spinors 
respectively. 
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Thus, on using the Eqs. (7.2.3)-(7.2.8) and (7.3.1)-(7.3.6), the basic rules 
of two-spinor calculus (Penrose and Rindler 1986, Ward and Wells 1990, Stewart 
1991, Esposito 1995) lead to the compatibility equations 

3A Xa' = , (7.3.7) 

$^V^'A^'=0 , (7.3.8) 
3AuA = , (7.3.9) 

Non-trivial solutions of (7.3.7)-(7.3.10) only exist if the scalar curvature and the 
trace-free part of the Ricci tensor vanish. Hence the gauge transformations (7.2.7) 
and (7.2.8) lead to spinor fields va and Xa' which are freely specifiable inside 
Ricci-flat backgrounds, while the boundary conditions (7.1.2) are preserved under 
the action of (7.2.7) and (7.2.8) provided that the following conditions hold at the 
boundary: 

\/2en/' (V^^' z^^)eBC'i = ±(v^^'A^')ecB'i at dM . (7.3.11) 

7.4 Second Set of Potentials in Ricci-Flat Backgrounds 

As shown by Penrose (1994), in a Ricci-flat manifold the Rarita-Schwinger 
potentials may be supplemented by secondary potentials. Here we use such a 
construction in its local form. For this purpose, we introduce a second set of 
potentials for spin | by requiring that locally (see Penrose 1994) 

= Vbb' PAf""" ■ (7.4.1) 

Of course, special attention should be payed to the index ordering in (7.4.1), 
since the spin-| potentials are not symmetric. On inserting (7.4.1) into (7.2.3), a 
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repeated use of symmetrizations and anti-symmetrizations leads to the equation 
(hereafter □ = Vcf'V^^') 

£fl \/aa' y ^ Pb' + 2^ A' V Pb'{AM) 

+ nAMpj^''^ + lnpA' = o , (7.4.2) 

where, following Penrose 1994, we have defined 

PA' = PA'S > (7-4.3) 

and we bear in mind that our background has to be Ricci-flat. Thus, if the 
following equation holds (cf. Penrose 1994): 

V^'(^p/^^ = , (7.4.4) 

one finds 

V^'^ PB'(AM) = \ V/' PF' , (7.4.5) 
and hence Eq. (7.4.2) may be cast in the form 

□ amP^/^''^ = . (7.4.6) 

On the other hand, a very useful identity resulting from Eq. (4.9.13) of Penrose 
and Rindler 1984 enables one to show that 

□ amPa,^^"^ = -W"'p./^"^ • (7.4.7) 

Hence Eq. (7.4.6) reduces to an identity by virtue of Ricci-fiatness. Moreover, we 
have to insert (7.4.1) into the field equation (7.2.4) for 7-potentials. By virtue of 
Eq. (7.4.4) and of the identities (cf. Penrose and Rindler 1984) 

□ ^^ Pb^M - -r^'''' PiLM)B' - ^^^B'^' P^MD' + 4A P^^^' , (7.4.8) 
^B'F' ^JAB) ^ 3^ ^^AB)F' ^ ^B'F'^ A ^(LB)^^ ^ ^B'F'B^ ^iAL)^^ ^ (7 4 9) 
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this leads to the equation 

V'^^''^ P(LM)C' = , (7.4.10) 

where we have again used the Ricci-flatness condition. 

Of course, potentials supplementing the F-potentials may also be constructed 
locally. On defining (cf. (7.4.1)) 

r^^^' ^ Vb'b ef' , (7.4.11) 

Oa = e^c"^' , (7.4.12) 
and requiring that (Penrose 1994, Esposito 1995) 

^BiF' qA')L' , (7.4.13) 

one finds 

V""^' Ob^A'M') = \vJ Of , (7.4.14) 
and a similar calculation yields an identity and the equation 

V;^'^'^'^' Vmoc = . (7.4.15) 

Note that Eqs. (7.4.10) and (7.4.15) relate explicitly the second set of potentials 
to the curvature of the background. This inconsistency is avoided if one of the 
following conditions holds: 

(i) The whole conformal curvature of the background vanishes, 
(n) ^^^^^ and e^L'M')c, or ^a'b'l'm' p^LM)C', vanish, 
(iii) The symmetric parts of the p- and ^-potentials vanish. 

In the first case one finds that the only admissible background is again fiat Eu- 
clidean four-space with boundary, as in Esposito and PoUifrone 1994. By contrast. 
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in the other cases, left-flat, right-flat or Ricci-flat backgrounds are stiU admissible, 
provided that the p- and ^-potentials take the form 

Pa^^ = aA' , (7.4.16) 

ef^'=e^'^'aA , (7.4.17) 
where a a and ola' solve the Weyl equations 

V^^' = , (7.4.18) 

V^^' 5^/ = . (7.4.19) 

Eqs. (7.4.16)-(7.4.19) ensure also the validity of Eqs. (7.4.4), (7.4.13), jointly with 
(7. A. 6) and (7. A. 7) of the appendix. 

However, if one requires the preservation of Eqs. (7.4.4) and (7.4.13) under 
the following gauge transformations for p- and ^-potentials (the order of the indices 
AL^ A'L' is of crucial importance): 

p^,^^ ^ p^,^^ + V^,^ /.^ , (7.4.20) 

= ^Z'-^' + V/' a^' , (7.4.21) 
one finds compatibility conditions in Ricci-fiat backgrounds of the form 

^AFLD Z^"" = , (7.4.22) 

^A'F'L'D' (T^' = . (7.4.23) 

Thus, to ensure unrestricted gsMge freedom (except at the boundary) for the second 
set of potentials, one is forced to work with fiat Euclidean backgrounds. The 
boundary conditions (7.1.2) play a role in this respect, since they make it necessary 
to consider both if^f and il)f\ and hence both p^^^ and 0^'^' ■ Otherwise, one 
might use Eq. (7.4.22) to set to zero the anti-self-dual Weyl spinor only, or Eq. 
(7.4.23) to set to zero the self-dual Weyl spinor only, so that self-dual (left-fiat) or 
anti-self-dual (right-fiat) Riemannian backgrounds with boundary would survive. 
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7.5 Other Gauge Transformations 



In the massless case, flat Euclidean backgrounds with boundary are reaUy the 
only possible choice for spin-| potentials with a gauge freedom. To prove this, 
we have also investigated an alternative set of gauge transformations for spin-| 
potentials, written in the form (cf. (7.2.7) and (7.2.8)) 

l\'C' = l^B'C + ^^c ^B' , (7.5.1) 

f ^BC = r^BC + V^c . (7.5.2) 

These gauge transformations do not correspond to the usual formulation of the 
Rarita-Schwinger system, but we will see that they can be interpreted in terms of 
familiar physical concepts. 

On imposing that the field equations (7.2.3)-(7.2.6) should be preserved under 
the action of (7.5.1) and (7.5.2), and setting to zero the trace-free part of the Ricci 
spinor (since it is inconsistent to have gauge fields \b' and pb which depend 
explicitly on the curvature of the background) one finds compatibility conditions 
in the form of differential equations, i.e. (cf. Esposito 1995) 

□ Ab/ = -2AAb. , (7.5.3) 

V(^(^' V^')^)As' = , (7.5.4) 

Ui^B^-2KvB , (7.5.5) 

^c)B') ^ . (7.5.6) 

In a flat Riemannian four-manifold with flat connection D, covariant derivatives 
commute and A = 0. Hence it is possible to express \b' and i^s as solutions of 
the Weyl equations 

D^^' Ab' = , (7.5.7) 
D^^' UB = , (7.5.8) 
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which agree with the flat-space version of (7.5.3)-(7.5.6). The boundary conditions 
(7.1.2) are then preserved under the action of (7.5.1) and (7.5.2) if ub and Xb' 

obey the boundary conditions (cf. (7.3.11)) 

\/2en/'(L>^^' zy^)eBC'i = ±(i^^^' A^')ecB'i at dM . (7.5.9) 
In the curved case, on defining 

= ^AA' ^ (7.5.10) 

^A'^^AA'^^ , (7.5.11) 

equations (7.5.4) and (7.5.6) imply that these spinor fields solve the equations (cf. 
Esposito 1995) 

V^,^"^ (^^) = , (7.5.12) 

Vj^' = . (7.5.13) 
Moreover, Eqs. (7.5.3), (7.5.5) and the spinor Ricci identities imply that 

Vab' (i>'^ = 2AXB' , (7.5.14) 

Vba'^^'=2Aub . (7.5.15) 

Remarkably, the Eqs. (7.5.12) and (7.5.13) are the twistor equations (Penrose and 
Rindler 1986) in Riemannian four- geometries. The consistency conditions for the 
existence of non-trivial solutions of such equations in curved four-manifolds are 
given by (Penrose and Rindler 1986) 

i^ABCD = , (7.5.16) 

and 

i>A'B'C'D' = , (7.5.17) 

respectively, unless one regards as a four-fold principal spinor of iI^abcd, and 
(f)^ as a four-fold principal spinor of i^A'B'CD'- 
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Further consistency conditions for our problem are derived by acting with 
covariant differentiation on the twistor equation, i.e. 

V^FV^^' + (1)^ = . (7.5.18) 

While the complete symmetrization in ABC yields Eq. (7.5.16), the use of Eq. 
(7.5.18), jointly with the spinor Ricci identities of section 7.3, yields 

□ 0-^ = 2A0^ , (7.5.19) 

and an analogous equation is found for (f)^ . Thus, since Eq. (7.5.12) implies 

0^ = s^^ TTc , (7.5.20) 

we may obtain from (7.5.20) the equation 

V^^' TTA' = 2A 0^ , (7.5.21) 

by virtue of the spinor Ricci identities and of Eq. (7.5.19). On the other hand, in 
the light of (7.5.20), Eq. (7.5.14) leads to 

Vab' (f>^ = ^TTB' = 2A Xb' . (7.5.22) 
Hence tta' = A A^', and the definition (7.5.10) yields 

V^^' 7TA' =A(f)^ . (7.5.23) 

By comparison of Eqs. (7.5.21) and (7.5.23), one gets the equation A (f)^ = 0. If 
A 7^ 0, this implies that (f)^ , ttb' and Xb' have to vanish, and there is no gauge 
freedom fou our model. This inconsistency is avoided if and only if A = 0, and the 
corresponding background is forced to be totally flat, since we have already set 
to zero the trace-free part of the Ricci spinor and the whole conformal curvature. 
The same argument applies to (f)^' and the gauge field vb- The present analysis 
corrects the statements made in section 8.8 of Esposito 1995, where it was not 
realized that, in our massless model, a non- vanishing cosmological constant is 
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incompatible with a gauge freedom for the spin-| potential. More precisely, if one 
sets A = from the beginning in Eqs. (7.5.3) and (7.5.5), the system (7.5.3)-(7.5.6) 
admits solutions of the Weyl equation in Ricci-fiat manifolds. These backgrounds 
are further restricted to be totally flat on considering the Eqs. (7.4.10) and (7.4.15) 
for an arbitrary form of the p- and ^-potentials. As already pointed out at the 
end of section 7.4, the boundary conditions (7.1.2) play a role, since otherwise one 
might focus on right-flat or left-flat Riemannian backgrounds with boundary. 

Yet other gauge transformations can be studied (e.g. the ones involving gauge 
fields Xb' and vb which solve the twistor equations), but they are all incompatible 
with a non-vanishing cosmological constant in the massless case. 

7.6 Concluding Remarks 

The consideration of boundary conditions is essential for obtaining a well- 
defined formulation of physical theories in quantum cosmology (Hartle and Hawk- 
ing 1983, Hawking 1984). In particular, one-loop quantum cosmology (Espos- 
ito 1994a, Esposito et al. 1997) makes it necessary to study spin-| potentials 
about four-dimensional Riemannian backgrounds with boundary. The correspond- 
ing classical analysis has been performed in our chapter in the massless case, to 
supersede the analysis appearing in Esposito and PoUifrone 1994. Our results are 
as follows. 

First, the gauge transformations (7.2.7) and (7.2.8) are compatible with the 
massless Rarita-Schwinger equations provided that the background four-geometry 
is Ricci-fiat (Deser and Zumino 1976). However, the presence of a boundary 
restricts the gauge freedom, since the boundary conditions (7.1.2) are preserved 
under the action of (7.2.7) and (7.2.8) only if the boundary conditions (7.3.11) 
hold. 

Second, the Penrose construction of a second set of potentials in Ricci-fiat 
four-manifolds shows that the admissible backgrounds may be further restricted to 
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be totally flat, or left- flat, or right- flat, unless these potentials take the special form 
(7.4.16) and (7.4.17). Hence the potentials supplementing the Rarita-Schwinger 

potentials have a very clear physical meaning in Ricci-flat four-geometries with 

boundary: they are related to the spinor fields ^q;a, otA'^ corresponding to the 

Majorana field in the Lorentzian version of Eqs. (7.2.3)-(7.2.6). (One should 
bear in mind that, in real Riemannian four-manifolds, the only admissible spinor 
conjugation is Euclidean conjugation, which is anti-involutory on spinor fields with 
an odd number of indices (Woodhouse 1985, Esposito 1995). Hence no Majorana 
field can be defined in real Riemannian four-geometries.) 

Third, to ensure unrestricted gauge freedom for the p- and ^-potentials, one 
is forced to work with flat Euclidean backgrounds, when the boundary conditions 
(7.1.2) are imposed. Thus, the very restrictive results obtained in Esposito and 
Pollifrone 1994 for massless Dirac potentials with the boundary conditions (7.1.1) 
are indeed confirmed also for massless Rarita-Schwinger potentials subject to the 
supersymmetric boundary conditions (7.1.2). Interestingly, a formalism originally 
motivated by twistor theory (Penrose and Rindler 1986, Ward and Wells 1990, 
Esposito 1995) has been applied to classical boundary- value problems relevant for 
one-loop quantum cosmology. 

Fourth, the gauge transformations (7.5.1) and (7.5.2) with non-trivial gauge 
fields are compatible with the field equations (7.2.3)-(7.2.6) if and only if the 
background is totally flat. The corresponding gauge fields solve the Weyl equations 
(7.5.7) and (7.5.8), subject to the boundary conditions (7.5.9). Indeed, it is well 
known that the Rarita-Schwinger description of a massless spin-| field is equivalent 
to the Dirac description in a special choice of gauge (Penrose 1994). In such a 
gauge, the spinor fields Xb' and vb solve the Weyl equations, and this is exactly 
what we find in section 7.5 on choosing the gauge transformations (7.5.1) and 
(7.5.2). 

A non-vanishing cosmological constant can be consistently studied when a 
massive spin-| potential is studied (Townsend 1977). For this purpose, one has to 
replace the spinor covariant derivative Vaa' in the field equations (7.2.3)-(7.2.6) 
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by a new spinor covariant derivative Saa' which reduces to Waa' when A = 0. In 
the language of 7-matrices, one has (cf. Townsend 1977) 

5^ = V^ + /(A)7m , (7.6.1) 

where /(A) vanishes at A = 0, and 7^ are the 7-matrices. The following chapter 
studies the reformulation of sections 7.2-7.5 in terms of the definition (7.6.1). 
Moreover, other interesting problems are found to arise: 

(i) Can one relate Eqs. (7.4.4) and (7.4.13) to the theory of integrability condi- 
tions relevant for massless fields in curved backgrounds (see Penrose 1994 and our 
appendix) ? What happens when such equations do not hold ? 

(ii) Is there an underlying global theory of Rarita-Schwinger potentials ? In the 
affirmative case, what are the key features of the global theory ? 

(iii) Can one reconstruct the Riemannian four-geometry from the twistor space 
in Ricci-flat or conformally flat backgrounds with boundary, or from whatever is 
going to replace twistor space ? 

Thus, the results and problems presented in our chapter seem to add evidence 
in favour of a deep link existing between twistor geometry, quantum cosmology 
and modern field theory. 

7.A Appendix 

Following Aichelburg and Urbantke 1981, one can locally express the F- 
potentials of (7.2.1) as (cf. (7.4.11)) 

F^BB' = ^BB' . (7.^.1) 

Thus, acting with Vcc on both sides of (7.A.1), symmetrizing over C'B' and 
using the spinor Ricci identity (7.3.6), one finds 

Vc(C' = $B'C'/ • (7-A2) 
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Moreover, acting with V q^' on both sides of (7.A.1), putting B' = C (with 
contraction over this index), and using the spinor Ricci identity (7.3.3) leads to 

e^^ V(/ V\A\B)C' = -3A ac • (7.A.3) 

Eqs. (7.A.1)-(7.A.3) rely on the conventions in Aichelburg and Urbantke 1981. 
However, to achieve agreement with the conventions in Penrose 1994 and in our 
book, Eqs. (7.2.3)-(7.2.6) are obtained by defining (for the eff'ect of torsion terms, 
see comments following Eq. (21) in Aichelburg and Urbantke 1981) 

= Vbb' , {7.AA) 

lA'^' c = ^CA'a^' . (7.A5) 
On requiring that (7. A. 5) and (7.4.1) should agree, one finds by comparison that 

Vbb' Pa'^'""^ = 2V%, as'] , (7.A.6) 

which is obviously satisfied if p^/*"'^^'' = and ocb' obeys the Weyl equation 
(7.4.19). Similarly, by comparison of (7.A.4) and (7.4.11) one finds 

Vb'b ef'''^ = 2V^\a as] , (7.^.7) 

which is satisfied if Eqs. (7.4.17) and (7.4.18) hold. 

In the original approach by Penrose (1994), one describes Rarita-Schwinger 
potentials in flat space-time in terms of a rank-three vector bundle with local 

coordinates [r]A^ C^) ^'^ operator ^aa' whose action is defined by 

^AA'{'nB,C)=(T>AA'r]B,'DAA'C,-^^PA'Ac) , {7.A.8) 

V being the flat Levi-Civita connection of Minkowski space-time. The gauge 
transformations are then 

{rjBX)^{r]BX + VAi^) , (7.A9) 
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PA'AB = PA'AB-\-T>AA'^B ■ (7.^.10) 

For the operator defined in (7. A. 8), the integrabihty condition on /3-planes turns 
out to be 

pj^^ = . (7.yl.ll) 
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CHAPTER EIGHT 



MASSIVE SPIN-f POTENTIALS 



Abstract. The two-component spinor form of massive spin-| potentials in con- 
formally flat Einstein four-manifolds is studied. Following earlier work in the 
literature, a non-vanishing cosmological constant makes it necessary to introduce 
a supercovariant derivative operator. The analysis of supergauge transformations 
of potentials for spin | shows that the gauge freedom for massive spin-| poten- 
tials is generated by solutions of the supertwistor equations. The supercovariant 
form of a partial connection on a non-linear bundle is then obtained, and the basic 
equation of massive secondary potentials is shown to be the integrability condition 
on super /3-surfaces of a differential operator on a vector bundle of rank three. 
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8.1 Introduction 



The local theory of spin-| potentials in real Riemannian four-geometries is 
receiving careful consideration in the current literature. As we know from chapter 
seven, there are a number of deep motivations for this analysis. In Minkowski 
space-time, twistors arise naturally as charges for massless spin-| fields (Penrose 
1991, Esposito 1995). In Ricci-flat four- manifolds (Deser and Zumino 1976) such 
fields are well defined (Ricci-fiatness being a necessary and sufficient consistency 
condition), and a suitable generalization of the concept of twistors would make 
it possible to reconstruct solutions of the vacuum Einstein equations from the 
resulting twistor space. In extended supergravity theories, however, it is necessary 
to consider massive spin-| fields in Riemannian backgrounds. For this purpose, a 
careful spinorial analysis of the problem is in order. 

We have thus studied massive spin-| potentials in four-manifolds with non- 
vanishing cosmological constant, considering the supercovariant derivative com- 
patible with a non-vanishing scalar curvature. This is the content of section 8.2. 
Section 8.3 studies the gauge freedom of the second kind, which is generated by a 
particular type of twistors, i.e. the Euclidean Killing spinors. Section 8.4 studies 
the preservation of spin-| field equations under the supergauge transformations 
of Rarita-Schwinger potentials. Section 8.5 studies the second set of potentials 
for spin | in the massive case. In section 8.6, a partial superconnection acting 
on a bundle with non- linear fibres is introduced. Section 8.7 studies the action of 
a superconnection on a vector bundle of rank three, and the corresponding inte- 
grability condition on super /^-surfaces is derived. Results and open problems are 
described in section 8.8. 
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8.2 The Superconnection 



In the massless case, the two-spinor form of the Rarita-Schwinger equations 
is the one given in chapter 7, where Vaa' is the spinor covariant derivative cor- 
responding to the connection V of the background. In the massive case, however, 
the appropriate connection, hereafter denoted by S, has an additional term which 
couples to the cosmological constant A = 6A. In the language of 7-matrices, the 
new covariant derivative 5^ to be inserted in the field equations (Townsend 1977) 
takes the form 

^M = V^ + /(A)7^ , (8.2.1) 

where /(A) vanishes at A = 0, and 7^ are the curved-space 7-matrices. Since, 
following Esposito and PoUifrone 1996, we are interested in the two-spinor for- 
mulation of the problem, we have to bear in mind the action of 7-matrices on 

any spinor cp =^P'~^ , Pc'^ ■ Note that unprimed and primed spin-spaces are no 

longer (anti-) isomorphic in the case of positive-definite four-metrics, since there is 
no complex conjugation which turns primed spinors into unprimed spinors, or the 
other way around (Penrose and Rindler 1986, Esposito 1995). Hence and Pc' 
are totally unrelated. With this understanding, we write the supergauge transfor- 
mations for massive spin-| potentials in the form (cf. (7.2.7) and (7.2.8)) 

l^B'C = l^B'C + -S^B' Ac , (8.2.2) 

f^Bc = r^BC + S^Bi'c , (8.2.3) 
where the action of Saa' on the gauge fields (^v^ , Xb'^ is defined by (cf. (8.2.1)) 

Saa' t^b = Vaa' i^B + /i(A)£AB \a' , (8.2.4) 

Saa' Ab' = Vaa' Ab' + f2{A)sA'B' J^A ■ (8.2.5) 

With our notation, R = 24A is the scalar curvature, /i and /2 are two functions 
which vanish at A = 0, whose form will be determined later by a geometric analysis. 
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The action of Saa' on a many-index spinor T^r'^p, can be obtained by ex- 
panding such a T as a sum of products of spin-vectors, i.e. (Penrose and Rindler 
1984) 

T^r^F, = 5] a^,y..pl,^ , (8.2.6) 

i 

and then applying the Leibniz rule and the definitions (8.2.4) and (8.2.5), where 

CK^-) has an independent partner 5^-), ... , 7^,^ has an independent partner 7^-', ... 
, and so on. Thus, one has for example 

{Saa' - Vaa') Tbce' = J2 [f^^^B I'S' + h^AC a^S ffi^ I'i'' 

i 

+ hsA'E' a^S Pc 1a] ■ (8-2.7) 

A further requirement is that Saa' should annihilate the curved e-spinors. 
Hence in our analysis we always assume that 

Saa' sbc = , (8.2.8) 

Saa' sb'C = . (8.2.9) 

In the light of the definitions and assumptions presented so far, one can write the 
Rarita-Schwinger equations with non-vanishing cosmological constant A = 6A, i.e. 

SAiA' l%c' =^Fa' , (8.2.10) 

^'^'^^7^U' = , (8.2.11) 
e""^ SA'iA r^s)c = ^Fa , (8.2.12) 
gBiB' ^A')^^ ^ Q _ (8.2.13) 

With our notation. Fa and Fa' are spinor fields proportional to the traces of the 
second set of potentials for spin |. These will be studied in section 8.5. 
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8.3 Gauge Freedom of the Second Kind 



The gauge freedom of the second kind is the one which does not affect the 
potentials after a gauge transformation. This requirement corresponds to the case 
analyzed in Siklos 1985, where it is pointed out that, while the Lagrangian of N — 1 
supergravity is invariant under gauge transformations with arbitrary spinor fields 

(^v"^, Xa'^ , the actual solutions are only invariant if the supercovariant derivatives 
(8.2.4) and (8.2.5) vanish. 

On setting to zero Saa' and Saa' Ab', one gets a coupled set of equations 
which are the Euclidean version of the Killing-spinor equation (Siklos 1985), i.e. 

V^b^^c = -/i(A)A^'£bc , (8.3.1) 

VV Ac = -/2(A)z^^ eb'c ■ (8.3.2) 

What is peculiar of Eqs. (8.3.1) and (8.3.2) is that their right-hand sides involve 
spinor fields which are, themselves, solutions of the twistor equation. Hence one 
deals with a special type of twistors, which do not exist in a generic curved mani- 
fold. Equation (8.3.1) can be solved for A"^ as 

The insertion of (8.3.3) into Eq. (8.3.2) and the use of spinor Ricci identities (see 
(7.3.3)-(7.3.6)) yields the second-order equation 

U^A + (6A + mh>A = . (8.3.4) 
On the other hand, Eq. (8.3.1) implies the twistor equation 

V^(B i^c)^0 ■ (8.3.5) 

Covariant differentiation of Eq. (8.3.5), jointly with spinor Ricci identities, leads 
to 

\Z\i^A - 2AuA = . (8.3.6) 
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By comparison of Eqs. (8.3.4) and (8.3.6) one finds the condition /1/2 = —A. The 
integrabihty condition of Eq. (8.3.5) is given by (Penrose and Rindler 1986) 

^ABCD i^'' = . (8.3.7) 

This means that our manifold is conformally left- flat, unless is a four-fold 
principal spinor of the anti-self-dual Weyl spinor. The latter possibility is here 
ruled out, to avoid having gauge fields related explicitly to the curvature of the 
background. 

The condition /1/2 = —A is also obtained by comparison of first-order equa- 
tions, since for example 

V^^' UA = = -2 Aa^' . (8.3.8) 

h 

The first equality in (8.3.8) results from Eq. (8.3.1), while the second one is 
obtained since the twistor equations also imply that (see Eq. (8.3.2)) 

V^^' ( - /2iv^) = 2A A^' . (8.3.9) 

Entirely analogous results are obtained on considering the twistor equation result- 
ing from Eq. (8.3.2), i.e. 

V) = . (8.3.10) 
The integrabihty condition of Eq. (8.3.10) is 

^A'B'C'D' A^' = . (8.3.11) 

Since our gauge fields cannot be four-fold principal spinors of the Weyl spinor (cf. 
Lewandowski 1991), Eqs. (8.3.7) and (8.3.11) imply that our background geometry 
is conformally flat. 
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8.4 Compatibility Conditions 



We now require that the field equations (8.2.10)-(8.2.13) should be preserved 
under the action of the supergauge transformations (8.2.2) and (8.2.3). This is 
the procedure one follows in the massless case, and is a milder requirement with 
respect to the analysis of section 8.3. 

If and Xb' are twistors, but not necessarily Killing spinors, they obey the 
Eqs. (8.3.5) and (8.3.10), which imply that, for some independent spinor fields tt"* 
and TT^' , one has 

V^'s uc = ebc , (8.4.1) 

V^g, Ac = EB'C TT^ ■ (8.4.2) 

In the compatibility equations, whenever one has terms of the kind Saa' ^^b' ^C' ? 
it is therefore more convenient to symmetrize and anti-symmetrize over B' and 
C A repeated use of this algorithm leads to a considerable simplification of the 
lengthy calculations. For example, the preservation condition of Eq. (8.2.10) has 
the general form 



3/2 (Vaa' ly"" + Vi\a) + e""'^' Saa' \c) + Sab' Ac) 



= . 
(8.4.3) 



By virtue of Eq. (8.4.2), Eq. (8.4.3) becomes 

h (Vaa' + 2/1 A^.) + Saa' tt^ = . (8.4.4) 

Following (8.2.4) and (8.2.5), the action of the supercovariant derivative on tta, tta' 
yields 

SaA> TTb = VaA> T^B + fl{J^)£AB T^A' , (8.4.5) 

Saa' tts' = Vaa' ttb' + /2(A)£a'B' tta . (8.4.6) 
Equations (8.4.4) and (8.4.5), jointly with the equations 

□ Aa'-2AAa' = , (8.4.7) 
148 



V^^' TTA = 2A A^' , (8.4.8) 
which result from Eq. (8.4.2), lead to 

(/i + /2)^A' + (/i/2-A)Aa' =0 . (8.4.9) 

Moreover, the preservation of Eq. (8.2.11) under (8.2.2) leads to the equation 

SB'{A^B)^f^^B'iA^B)^Q , (8.4.10) 

which reduces to 

^B'iA ^B)^Q ^ {8A.11) 

by virtue of (8.4.1) and (8.4.5). Note that a supertwistor is also a twistor, since 

SB'iA^B) ^^B'iA^B) ^ (g_4_;L2) 

by virtue of the definition (8.4.5). It is now clear that, for a gauge freedom 
generated by twistors, the preservation of Eqs. (8.2.12) and (8.2.13) under (8.2.3) 
leads to the compatibility equations 

ifi + f2)7rA + ihf2-A)i^A = , (8.4.13) 

yB(A'~B')=0 , (8.4.14) 
where we have also used the equation (see Eqs. (8.3.6) and (8.4.1)) 

V^^' nA' =2Au^ . (8.4.15) 

Note that, if /i + /2 7^ 0, one can solve Eqs. (8.4.9) and (8.4.13) as 

= TT'TTV^^' ' (8.4.16) 

(A - /1/2) A T7\ 

= -jrr^TV^^ ' (8.4.17) 
149 



and hence one deals again with Euchdean KiUing spinors as in section 8.3. How- 
ever, if 

/i + /2 = , (8.4.18) 

/i/2-A = , (8.4.19) 

the spinor fields tta' and Xa' become unrelated, as well as tta and va- This is a 
crucial point. Hence one may have /i = ±-\/— A, /2 = A, and one finds a 
more general structure. 

In the generic case, we do not assume that i^^ and Xb' obey any equation. 
This means that, on the second line of Eq. (8.4.3), it is more convenient to express 
the term in square brackets as 2Sa{A' ^^b') ^c- '^^^ ^^^^ (8.2.7) for the action of 
Saa' on spinors with many indices leads therefore to the compatibility conditions 

3/2 (Va^' + ViXa) - 6A Xa' + ^fiP^A'B'f + V2QA' = , (8.4.20) 

3/1 (Vaa' X^' + 2f2VA) -Q^VA + ^hPiAB) + = , (8.4.21) 

^""""c'D' A^' + hU^''^ - f2Vj'' = , (8.4.22) 

$^%^-^ + /it^^^%^-/iVj^'A^')=0 , (8.4.23) 

where the detailed form of P, P, Q, Q, U, U is not strictly necessary, but we can say 
that they do not depend explicitly on the trace-free part of the Ricci spinor, or on 
the Weyl spinors. Note that, in the massless limit /i = /2 = 0, the Eqs. (8.4.20)- 
(8.4.23) reduce to the familiar form of compatibility equations which admit non- 
trivial solutions only in Ricci-fiat backgrounds. 

Our consistency analysis still makes it necessary to set to zero ^>'*^,^, (and 
hence ^^jj^ by reality (Penrose and Rindler 1984)). The remaining contribu- 
tions to (8.4.20)-(8.4.23) should then become algebraic relations by virtue of the 
twistor equation. This is confirmed by the analysis of gauge freedom for the second 
set of potentials in section 8.5. 
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8.5 Second Set of Potentials 



According to the prescription of section 8.2, which replaces V aa' by Saa' 
in the field equations (Townsend 1977), we now assume that the super Rarita- 
Schwinger equations corresponding to (7.4.4) and (7.4.13) are (see section 8.7) 

SB'{Fp^A)L^^ , (8.5.1) 
gBiF'Q^)L'^^ , (8.5.2) 

where the secondary potentials are subject locally to the supergauge transforma- 
tions 

p^,^^ = p^,^^ + 5^,^ yu^ , (8.5.3) 

e/^'^e/^' + s/ . (8.5.4) 

The analysis of the gauge freedom of the second kind is entirely analogous to the 
one in section 8.3, since equations like (8.2.4) and (8.2.5) now apply to jiL and 
Qli. Hence we do not repeat this investigation. 

A more general gauge freedom of the twistor type relies on the supertwistor 
equations (see (8.4.12)) 

Sj^ p^) = V^,^^ = , (8.5.5) 

^B^^' C"'^ = V^^^' C^') = . (8.5.6) 

Thus, on requiring the preservation of the super Rarita-Schwinger equations (8.5.1) 
and (8.5.2) under the supergauge transformations (8.5.3) and (8.5.4), one finds the 
preservation conditions 

S^'^^ S^^^ ^l'^ = ^ , (8.5.7) 
SBiF' gA') ^L' , (8.5.8) 

which lead to 

(/i + /2)7rF + (/i/2-A)pf = , (8.5.9) 
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(/i + /2)^f' + (/i/2-A)Cf'=0 . (8.5.10) 

Hence we can repeat the remarks following Eqs. (8.4.16)-(8.4.19). Again, it is 
essential that 7rF,A*F and ttf',Cf' may be unrelated if (8.4.18) and (8.4.19) hold. 
In the massless case, this is impossible, and hence there is no gauge freedom 
compatible with a non- vanishing cosmological constant. 

If one does not assume the validity of Eqs. (8.5.5) and (8.5.6), the general 
preservation equations (8.5.7) and (8.5.8) lead instead to the compatibility condi- 
tions 

+ /ie^(^ 5^)^' Cb' = , (8.5.11) 

+ /2e^'(^'5^')^//B = . (8.5.12) 

If we now combine the compatibility equations (8.4.20)-(8.4.23) with (8.5.11) and 

(8.5.12) , and require that the gauge fields i^a, ^A', I^i-AjCa' should not depend ex- 
plicitly on the curvature of the background, we find that the trace-free part of 
the Ricci spinor has to vanish, and the Riemannian four-geometry is forced to be 
conformally flat, since under our assumptions the equations 

i^AFLD l^'' = , (8.5.13) 
i^A'F'L'D' C""' = , (8.5.14) 

force the anti-self-dual and self-dual Weyl spinors to vanish. Remarkably, Eqs. 

(8.5.13) and (8.5.14) are just the integrability conditions for the existence of non- 
trivial solutions of the supertwistor equations (8.5.5) and (8.5.6). Hence the spinor 
fields (jj, S,T,oj, S and T in (8.5.11) and (8.5.12) are such that these equations 
reduce to (8.5.9) and (8.5.10). In other words, for massive spin-| potentials, 
the gauge freedom is indeed generated by solutions of the twistor equations in 
conformally flat Einstein four- manifolds. 
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Last, on inserting the local equations (7.4.1) and (7.4.11) into the second half 
of the Rarita-Schwinger equations, and then replacing Vaa' by Saa', one finds 
equations whose preservation under the supergauge transformations (8.5.3) and 
(8.5.4) is again guaranteed if the supertwistor equations (8.5.5) and (8.5.6) hold. 

8.6 Non-Linear Superconnection 

As a first step in the proof that Eqs. (8.5.1) and (8.5.2) arise naturally as 
integrability conditions of a suitable connection, we introduce a partial supercon- 
nection Wa' (cf. Penrose 1994) acting on unprimed spinor fields r]D defined on 
the Riemannian background. 

With our notation 

Wa' Vd = ri^ Saa' Vd - Vb Vc Pa^*^ Vd ■ (8.6.1) 

Writing 

Wa' = ry^ ^aa' , (8.6.2) 
where the operator Qaa' acts on spinor fields rjD, we obtain 

T]^ Qaa' = Saa' - VB vc Pa^^ ■ (8.6.3) 

Following Penrose 1994, we require that Qaa' should provide a genuine supercon- 
nection on the spin-bundle, so that it acts in any direction. Thus, from (8.6.3) one 
can take (cf. Penrose 1994) 

^AA' = Saa' - rf' PA' AC = Saa' - rf^ Pa'{ac) + ^Va Pa' • (8.6.4) 

Note that (8.6.4) makes it necessary to know the trace pA', while in (8.6.1) only 
the symmetric part of Pa^'^ survives. Thus we can see that, independently of the 
analysis in the previous sections, the definition of ^aa' picks out a potential of 
the Rarita-Schwinger type (Penrose 1994). 
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8.7 Integrability Condition 



In section 8.6 we have introduced a superconnection Qaa' which acts on a 
bundle with non-hnear fibres, where the term —r)'~" pa'AC is responsible for the 
non-linear nature of ^Iaa' (see (8.6.4)). Following Penrose 1994, we now pass to 
a description in terms of a vector bundle of rank three. On introducing the local 
coordinates (tt^,^), where 

UA=^VA , (8.7.1) 
the action of the new operator il,AA' reads (cf. Penrose 1994) 

^AA'iuB,0={^SAA'UB,SAA'C-u'^PA'AC^ ■ (8.7.2) 

Now we are able to prove that Eqs. (8.5.1) and (8.5.2) are integrability conditions. 

The super /3-surfaces are totally null two-surfaces whose tangent vector has 
the form , where is varying and obeys the equation 

«^ Saa' ub = , (8.7.3) 

which means that is supercovariantly constant over the surface. On defining 

ta' = ub uc Pa^^ , (8.7.4) 

the condition for Qaa' to be integrable on super /9-surfaces is (cf. Penrose 1994) 

«^ Qaa' r^' = UA UB uc S^'^^ pjf^^ = , (8.7.5) 
by virtue of the Leibniz rule and of (8.7.2)-(8.7.4). Equation (8.7.5) implies 

SA'(ApJ)c^^^ , (8.7.6) 

which is the Eq. (8.5.1). Similarly, on studying super a-surfaces defined by the 
equation 

u^' Saa' ub'=0 , (8.7.7) 
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one obtains Eq. (8.5.2). Thus, although Eqs. (8.5.1) and (8.5.2) are naturally- 
suggested by the local theory of spin-| potentials, they have a deeper geometric 
origin, as shown. 

8.8 Results and Open Problems 

We have given an entirely two-spinor description of massive spin-| poten- 
tials in Einstein four-geometries. Although the supercovariant derivative (8.2.1) 
was well known in the literature, following the work in Townsend 1977, and its 
Lorentzian version was already applied in Perry 1984 and Siklos 1985, the system- 
atic analysis of spin-| potentials with the local form of their supergauge trans- 
formations was not yet available in the literature, to the best of our knowledge, 
before the work in Esposito and PoUifrone 1996. 

Our first result is the two-spinor proof that, for massive spin-| potentials, 
the gauge freedom is generated by solutions of the supertwistor equations in con- 
formally flat Einstein four-manifolds. Moreover, we have shown that the first- 
order equations (8.5.1) and (8.5.2), whose consideration is suggested by the local 
theory of massive spin-| potentials, admit a deeper geometric interpretation as 
integrability conditions on super j3- and super a-surfaces of a connection on a 
rank-three vector bundle. This result generalizes the analysis of massless spin-| 
fields appearing in chapter seven. One now has to find explicit solutions of the 
Eqs. (8.2.10)-(8.2.13), and the supercovariant form of /9-surfaces studied in our 
chapter deserves a more careful consideration. Hence we hope that our work can 
lead to a better understanding of twistor geometry and consistent supergravity 
theories in four dimensions. 
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CHAPTER NINE 



LOCAL BOUNDARY CONDITIONS IN 
QUANTUM SUPERGRAVITY 



Abstract. When quantum supergravity is studied on manifolds with boundary, 
one may consider local boundary conditions which fix on the initial surface the 
whole primed part of tangential components of gravitino perturbations, and fix on 
the final surface the whole unprimed part of tangential components of gravitino 
perturbations. This chapter studies such local boundary conditions in a fiat Eu- 
clidean background bounded by two concentric three-spheres. It is shown that, 
as far as three-dimensional transverse-traceless perturbations are concerned, the 
resulting contribution to (^(0) vanishes when such boundary data are set to zero, 
exactly as in the case when non-local boundary conditions of the spectral type 
are imposed. These properties may be used to show that one-loop finiteness of 
massless supergravity models is only achieved when two boundary three-surfaces 
occur, and there is no exact cancellation of the contributions of gauge and ghost 
modes in the Faddeev-Popov path integral. In these particular cases, which rely 
on the use of covariant gauge-averaging functionals, pure gravity is one-loop finite 
as well. 
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The problem of a consistent formulation of quantum supergravity on mani- 
folds with boundary is still receiving careful consideration in the current literature 
(Esposito 1994a, D'Eath 1996, Esposito and Kamenshchik 1996, Esposito et al. 
1997). In particular, many efforts have been produced to understand whether sim- 
ple supergravity is one-loop finite in the presence of boundaries. In the analysis of 
such an issue, the first problem consists, of course, in a careful choice of boundary 
conditions. For massless gravitino potentials, which are the object of our investi- 
gation, these may be non-local of the spectral type (D'Eath and Esposito 1991b) 
or local (Esposito 1996). 

In the former case the idea is to fix at the boundary half of the gravitino 
potential. On the final surface Tip one can fix those perturbative modes which 
multiply harmonics having positive eigenvalues of the intrinsic three-dimensional 
Dirac operator V of the boundary. On the initial surface one can instead fix 
those gravitino modes which multiply harmonics having negative eigenvalues of 
the intrinsic three-dimensional Dirac operator of the boundary. What is non-local 
in this procedure is the separation of the spectrum of a first-order elliptic operator 
(our T>) into a positive and a negative part. This leads to a sort of positive- and 
negative-frequency split which is typical for scattering problems (D'Eath 1996), 
but may also be applied to the analysis of quantum amplitudes in finite regions 
(Esposito et al. 1997). 

Our chapter deals instead with the latter choice, i.e. local boundary conditions 
for quantum supergravity. By this one usually means a formulation where com- 
plementary projection operators act on gravitational and spin-| perturbations. 
Local boundary conditions of this type were investigated in Luckock and Moss 
1989, Luckock 1991, and then applied to quantum cosmological backgrounds in 
Esposito 1994a-b, Moss and Poletti 1994, Esposito et al. 1994a-b, Esposito et al. 
1995a-b, Esposito et al. 1997. 

More recently, another choice of local boundary conditions for gravitino per- 
turbations has been considered in D'Eath 1996. Using two-component spinor 
notation, and referring the reader to D'Eath 1984 and D'Eath 1996 for notation 
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and background material, we here represent the spin-| potential by a pair of inde- 
pendent spinor- valued one- forms ^V^^ , ^ in a Riemannian four-manifold which 

is taken to be flat Euclidean four-space bounded by two concentric three-spheres 
(Esposito and Kamenshchik 1996). Denoting by Sj and Sp the boundary three- 
spheres, with radii a and b respectively (here b > a), the local boundary conditions 
proposed in D'Eath 1996 read in our case {i — 1, 2, 3) 



= Ff , (9.1) 



= Hf , (9.2) 



where Ff^' and Hf are boundary data which may or may not satisfy the classical 
constraint equations (D'Eath 1996). With the choice (9.1) and (9.2), the whole 
primed part of the tangential components of the spin-| potential is fixed on 5*/, 
and the whole unprimed part of the tangential components of the spin-| potential 
is fixed on Sp- 

In a Hamiltonian analysis, Vo^ ^^d V'o^' are Lagrange multipliers (D'Eath 
1996), and hence boundary conditions for them look un- natural in a one-loop cal- 
culation, especially if one is interested in reduction to three-dimensional transverse- 
traceless (TT) gravitino modes (usually regarded as the physicalpairt of gravitinos). 
In a covariant path-integral analysis, however, one cannot disregard the issue of 
boundary conditions on normal components of gravitinos. We shall thus post-pone 
the discussion of this point, and we will focus on the TT sector of the boundary 
conditions (9.1) and (9.2). 

With the notation of Esposito 1994a, the expansion in harmonics on three- 
spheres of the TT part of tangential components of spin-| perturbations reads 



_3 oo (n+l)(n+4) 

V'^' = ^E E «r[™np(T)/3"''^^^'+F„^(T)7I"''^^^']ecc'» , (9.3) 

n=0 p,g=l 
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.3 oo (n+l)(n+4) 



^f = -2^Il E [™np(r)r " " " + r^M^^-^^'^'^\ ecc'^ , (9.4) 

n=0 p,q=l 

where /J^^ACC = _^nQ(ACD)^^C" ^^^^ ^nqA'C'C = _^nq{A' C D')^C _ Of COUISe, 

round brackets denote complete symmetrization over spinor indices, and n*-^^,/ is 
obtained from the Euchdean normal Variation of the TT 

gravitino action yields, for all integer n > 0, the following eigenvalue equations for 
gravitino modes: 

where Xfip f^np and ^np ?^rip; ^np ^ '^Tip ctnd ^np '~' '^np* The Eqs. 
(9.5) and (9.6) lead to the following basis functions in terms of modified Bessel 
functions (hereafter M = E^p for simplicity of notation, while j3i^n and /32,n are 
some constants): 

mnp{T) = /3i,nV^/n+2(MT) + P2,nV^Kn+2{MT) , (9.7) 



np 



(r) = Pl,nV^In+3{Mr) - P2,nV^Kn+3{MT) , (9.8) 



np 



(r) = /3i,nV^/n+2(Mr) + /32,„v^A'„+2(Mr) , (9.9) 



rnp{r) = Pl,nV^In+3{MT) - /?2,n (Mr) . (9.10) 

By virtue of (9.1) and (9.2), these modes obey the boundary conditions 

fhnp{a) = An , (9.11a) 

rnp{a) = An , (9.116) 

rrinpih) = Bn , (9.12a) 

rnp{b) = Bn , (9.126) 
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where An and Bn are constants resulting from the boundary data F/^' and 
respectively. The boundary conditions (9.11) and (9.12) lead therefore, if An = 
Bn = 0, Vn, to the eigenvalue condition 

In+3{Mr)Kn+2{Mr) + In+2{Mr)Kn+3{Mr) = , (9.13) 

where r = a or 6. 

We can now apply ^-function regularization to evaluate the resulting TT con- 
tribution to the one-loop divergence, following the algorithm developed in Barvin- 
sky et al. 1992 and already used in section 6.2. The basic steps are as follows. Let 
us denote by // the function occurring in the equation obeyed by the eigenvalues 
by virtue of boundary conditions, after taking out fake roots (e.g. x = is a 
fake root of order n of the Bessel function 1^)- Let d{l) be the degeneracy of the 
eigenvalues parametrized by the integer I. One can then define the function 

oo 

/(M2,5)^5^d(0r2Mog/^(M2) . (9.14) 

l=lo 

Such a function admits an analytic continuation to the complex-s plane as a mero- 
morphic function with a simple pole at s = 0, in the form 

"/(M^ sY = + IR(M^) + 0(s) . (9.15) 

s 

The function /poie(Af^) is the residue at s = 0, and makes it possible to obtain 
the C(0) value as 

C(0) = /log + /pole(M2 = oo) - /pole(M2 = 0) , (9.16) 

where Iiog is the coefficient of the log M term in as M — > oo. Moreover, /poie(oo) 
coincides with the coefficient of j in the expansion as Z — > oo of ^d{l) log[poo(0]; 
where Poo(0 is the Z-dependent term in the eigenvalue condition as M ^ oo and 
/ — > oo. The /poie(O) value is instead obtained as the coefficient of j in the 
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expansion as Z — > oo of ^d{l) log[po(0]5 where po{l) is the Z-dependent term in the 
eigenvalue condition as M — > and Z — > oo. 

In our problem, using the limiting form of Bessel functions when the argument 
tends to zero, one finds that the left-hand side of Eq. (9.13) is proportional to 
as M ^ 0. Hence one has to multiply by M to get rid of fake roots. Moreover, 
in the uniform asymptotic expansion of Bessel functions as M — > oo and n — > oo 
(Olver 1954), both / and K functions contribute a factor. These properties 
imply that /log vanishes (hereafter I = n + 1): 

/iog= 2Z!2K^ + 3)(l-l/2-l/2) =0 . (9.17) 
1=1 

Moreover, /poie(oo) vanishes since there is no Z-dependent coefficient in the uniform 
asymptotic expansion of Eq. (9.13) as M — > oo and Z — > oo. Last, /poie(O) vanishes 
as well, since the limiting form of Eq. (9.13) as M — > and Z — > oo is ^M~^. One 
thus finds for gravitinos 

Ctt{0) = . (9.18) 

It is now clear that local boundary conditions for ijjQ and V'o^' along the same 
lines of (9.1) and (9.2), i.e. (here and /j,^ are some boundary data) 



i^o' =1^^' , (9.19) 

J Si 



< = //^ , (9.20) 

J bp 

give again a vanishing contribution to C(0) in this two-boundary problem if 
and (1-^ are set to zero, since the resulting eigenvalue condition is analogous to Eq. 
(9.13) with n replaced by n — 1. 

A suitable set of local boundary conditions on metric perturbations h^,^ are the 
ones considered by Luckock, Moss and Poletti (Luckock 1991, Moss and Poletti 
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1994, Moss 1996, Moss and Silva 1997). In our problem, denoting by g^i, the 
background four-metric, they read (Esposito et al. 1997) 



dM 



, 



(9.21) 



dh 



dr 



= , 



dM 



h 



dM 



, 



(9.22) 
(9.23) 



while the ghost one-form is subject to the mixed boundary conditions 



J dM 



= 



difi 2 



or r 



(9.24) 



(9.25) 



dM 



As first shown in Esposito et al. 1994b, graviton TT modes contribute 



Ctt(O) = -5 



(9.26) 



while, using a covariant gauge-averaging functional of the de Bonder type, gauge 
and ghost modes contribute 



C(0) gauge and ghost — 5 



(9.27) 



One thus finds that the one-loop path integral for the gravitational sector, includ- 
ing TT, gauge and ghost modes, gives a vanishing contribution to the one-loop 
divergence. 

What is left are gauge and ghost modes for gravitino perturbations. In general, 
their separate values depend on the gauge-averaging functional being used (only 
the full one-loop divergence should be gauge-independent (Endo 1995)). However, 
on general ground, since in our flat Euclidean background all possible contributions 
to C(0) involve surface integrals of terms like (cf. section 5.2) 
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K denoting the extrinsic-curvature tensor of the boundary, any dependence on 
the three-spheres radii a and b disappears after integration over dM. Moreover, 
if the formahsm is gauge-independent ax expected, the one-loop result can only 
coincide with the one found in Sec. V of Esposito and Kamenshchik 1996 in the 
axial gauge: 

C|(0) = . (9.28) 
The following concluding remarks are now in order: 

(i) The one-loop finiteness suggested by our analysis does not seem to contradict 
the results of Esposito and Kamenshchik 1996. What is shown therein is instead 
that, when flat Euclidean four-space is bounded by only one three-sphere, simple 
supergravity fails to be one-loop finite (either spectral boundary conditions with 
non-covariant gauge, or local boundary conditions in covariant gauge). This is 
not our background. Moreover, the two-boundary problem of Esposito and Ka- 
menshchik 1996 was studied in a non-covariant gauge of the axial type, when the 
Faddeev-Popov path integral is supplemented by the integrability condition for the 
eigenvalue equations on graviton and gravitino perturbations. This quantization 
was found to pick out TT modes only, but differs from the scheme proposed in our 
chapter (Esposito 1996). 

(ii) The result (9.28) is crucial for one-loop finiteness to hold (when combined with 
(9.26) and (9.27)), and its explicit proof has not yet been achieved. 

(iii) As a further check of one-loop finiteness (or of its lack, cf. van Nieuwenhuizen 
and Vermaseren 1976), one should now perform two-boundary calculations of ({0) 
when Luckock-Moss-Poletti local boundary conditions are imposed on gravitino 
perturbations. 

(iv) Yet another check might be obtained by combining Barvinsky boundary con- 
ditions for pure gravity (Barvinsky 1987) in the de Bonder gauge (these are 
completely invariant under infinitesimal diffeomorphisms) with local or non-local 
boundary conditions for gravitinos in covariant gauges (Endo 1995). 
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(v) The calculations performed in Avramidi et al. 1996, Esposito and Kamenshchik 
1996, Esposito et al. 1997 and in our chapter show that, when cancellation of the 
effects of gauge and ghost modes is achieved, only the effects of TT modes survive, 
and hence both pure gravity and simple supergravity are not even one-loop finite. 
By contrast, if the effects of gauge and ghost modes do not cancel each other 
exactly (e.g. by using covariant gauge-averaging functionals in the Faddeev-Popov 
path integral), then both pure gravity and simple supergravity may turn out to 
be one-loop finite in the presence of two bounding three-spheres. 

(vi) A deep problem is the relation between the Hamiltonian analysis in D'Eath 
1996, where auxiliary fields play an important role but ghost fields are not studied, 
and the path-integral approach of Esposito and Kamenshchik 1996, where ghost 
fields are analyzed in detail but auxiliary fields are not found to affect the one-loop 
calculation. 

All this adds evidence in favour of quantum cosmology being able to lead 
to new perspectives in Euclidean quantum gravity and quantum supergravity (cf. 
van Nieuwenhuizen 1981, Esposito et al. 1997). 
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CHAPTER TEN 



NEW FRONTIERS 



Abstract. Quarks are spin-| particles for which a Dirac operator can be stud- 
ied. The local boundary conditions studied for models of quark confinement coin- 
cide with the local boundary conditions studied, more recently, in one-loop quan- 
tum cosmology. Further developments lie in the possibility to study quantization 
schemes in conformally invariant gauges. This possibility is investigated in the 
case of the Eastwood-Singer gauge for vacuum Maxwell theory on manifolds with 
boundary. This is part of a more general scheme, leading to the analysis of confor- 
mally covariant operators. These are also presented, with emphasis on the Paneitz 
operator. Last, a class of boundary operators are described which include the effect 
of tangential derivatives. They lead to many new invariants in the general form 
of heat-kernel asymptotics for operators of Laplace type. The consideration of 
tangential derivatives arises naturally within the framework of recent attempts to 
obtain BRST-invariant boundary conditions in quantum field theory. However, in 
Euclidean quantum gravity, it remains unclear how to write even just the general 
form of the various heat-kernel coefficients. 
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10.1 Introduction 



So far we have dealt with many aspects of manifolds with boundary in math- 
ematics and physics. Hence it seems appropriate to begin the last chapter of our 
monograph with a brief review of the areas of research which provide the main 
motivations for similar investigations. They are as follows. 

(i) Index theorems for manifolds with boundary. One wants to understand how 
to extend index theorems, originally proved for closed manifolds, to manifolds 
with boundary (Atiyah and Singer 1963, Atiyah and Bott 1965, Atiyah 1975b). 
A naturally occurring analytic tool is indeed the use of complex powers of elliptic 
operators, via rj- and ^-functions. 

(ii) Spectral geometry with mixed boundary conditions. Spinor fields, gauge fields 
and gravitation are subject to mixed boundary conditions. These may be local 
or non-local (Esposito et al. 1997), and reflect the first-order nature of the Dirac 
operator, and the symmetries of gauge fields and gravitation (e.g. invariance un- 
der local gauge transformations, invariance under (infinitesimal) diffeomorphisms, 
BRST symmetry, supersymmetry). The resulting boundary operators may be 
(complementary) projectors, or first-order differential operators. They lead to a 
heat-kernel asymptotics which is completely understood only in the cases involving 
a mixture of Dirichlet and Robin boundary conditions (Gilkey 1995, Esposito et 
al. 1997, Avramidi and Esposito 1997). 

(Hi) Quantum cosmology. The path-integral approach to quantum cosmology 
needs a well-defined prescription for the "sum over histories" which should de- 
fine the quantum state of the universe (Hawking 1979, Hawking 1982, Hartle and 
Hawking 1983, Hawking 1984, Gibbons and Hawking 1993, Esposito 1994a, Es- 
posito et al. 1997). 

(iv) Quantum field theory on manifolds with boundary. Boundaries play a crucial 
role to obtain a complete and well defined mathematical model for the quantization 
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of all fundamental interactions. Indeed, one is already familiar with the need to 
specify boundary data from the analysis of potential theory, waveguides, and the 
classical variational problem (cf. York 1986). 

(v) Boundary counterterms in supergravity. The presence of boundaries provides 
a crucial test of the finiteness properties of supersymmetric theories of gravitation, 
e.g. simple supergravity (D'Eath 1996, Esposito and Kamenshchik 1996, Esposito 
1996, Moniz 1996, Esposito et al. 1997). 

(vi) Applications of quantum field theory. Variations of zero-point energies of the 
quantized electromagnetic field are finite, measurable, and depend on the geometry 
of the problem. This is what one learns from the Casimir effect (Casimir 1948, 
Sparnay 1958, Boyer 1968, Grib et al. 1994, Esposito et al. 1997, Lamoreaux 
1997). Moreover, the consideration of boundary effects provides a useful toy model 
for the investigation of quark confinement, as is shown in the following section 
(Chodos et al. 1974). 



10.2 Quark Boundary Conditions 



A non-trivial application of spin-| fields to modern physics consists of the 
mathematical models for quark fields. We here focus on the model proposed by 
Chodos et al. (1974), which describes elementary particles as composite systems, 
with their internal structure being associated with quark and gluon field variables. 
Their main idea was to account for the internal structure with the help of fields. 
However, the fields which describe the sub-structure of the hadron belong only to 
the sub-structure of a particle, and cannot be extended to all points of space, unlike 
the normal situation in field theory. In other words, field variables are confined on 
the subset of points which are inside of an extended particle. Such a set of points 
represents the bag. Since then, the model has been called M. I. T. bag model (the 
authors being research workers of the M. I. T.). Following the presentation in 
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Johnson 1975, one can say that a local disturbance of some medium leads to a 
collective motion described by fields, which are taken to be the quark-gluon fields. 
The localized excitation consists of a particle, i.e. a hadron. 

When the M. I. T. model was first proposed, there was (of course) great 
excitement in the physics community. Whether or not the model by Chodos et al. 
can still have an impact on current developments in particle physics, it provides 
a first relevant example of local boundary conditions on fields acted upon by a 
Dirac operator, and this is the feature that we want to emphasize hereafter. For 
this purpose, we follow again Johnson (1975), and we denote by qa{x) the quark 
field. This is a Dirac field carrying colour and flavour. Bearing in mind what we 
said at the beginning, the quark fields can only be associated with points inside 
the hadron. Outside the hadron, qa{x) vanishes by definition. The local flux of 
colour and flavour quantum numbers inside the hadron is 



Jabi^) = (laix) 1^ qb{x) 



(10.2.1) 



To avoid losing quantum numbers through the surface, one has to impose the 
boundary condition (hereafter, is the inward-pointing normal to the boundary) 



dM 







(10.2.2a) 



where dM denotes the surface of the hadron. By virtue of (10.2.1), the boundary 
condition (10.2.2a) may be re-expressed in the form 



= . 



dM 



(10.2.26) 



At this stage we remark that, denoting by £ a real-valued function of position on 
the boundary {e was taken equal to ±1 in Johnson 1975): 

e-.yedM — > e{y) e 3? , 



if one imposes the local boundary condition 



= , 



(10.2.3) 



dM 
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one obtains also the "conjugate" boundary condition 



dM 



(10.2.4) 



By virtue of Eq. (10.2.3) one now finds 



dM 



dM 



dM 



(10.2.5) 



Moreover, by virtue of Eq. (10.2.4) one also has 



dM 



(10.2.6) 



The comparison of Eqs. (10.2.5) and (10.2.6) leads to 



q^{x) qb{x) 



dM 



, 



(10.2.7) 



which in turn ensures the fulfillment of the condition (10.2.2a), bearing in mind 
the definition (10.2.1). 

The local boundary conditions (10.2.3) find another relevant physical appli- 
cation in a completely different framework, i.e. (one-loop) quantum cosmology. A 
review of the necessary steps is given in the following section. 



10.3 Quantum Cosmology 



In the early nineties, there was an intensive investigation of local boundary 
conditions for the Dirac operator in one-loop quantum cosmology (e.g. D'Eath 
and Esposito 1991a, Kamenshchik and Mishakov 1993, Esposito 1994a, Moss and 
Poletti 1994). The motivations for this programme were as follows. 

(i) If one studies local boundary conditions for solutions of the massless free-field 
equations, following the work of Breitenlohner and Freedman 1982 and Hawking 
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1983, one finds that there exist solutions of the Euchdean twistor equation which 
generate rigid supersymmetry transformations among classical solutions obeying 
boundary conditions of the type 

V2 en/' (f)^ = ±0^' on dM , (10.3.1) 
2 en/' en/' p^^ = ±p^'^' on dM . (10.3.2) 

(ii) Following instead the work in Luckock and Moss 1989, Luckock 1991, one 
finds that local supersymmetry transformations exist in supergravity which fix at 
the boundary the spatial components of the tetrad and a projector acting on 
spinor-valued one-forms which represent the gravitino potentials. On extending 
this scheme to lower-spin fields in a supergravity multiplet, one obtains the local 
boundary conditions 

V2 en/' = ±V^^' on dM (10.3.3) 

for a massless spin-i field which can be expanded in a complete orthonormal set 
of eigenfunctions of the Dirac operator. 

In particular, on studying a portion of flat Euclidean four-space bounded by 
a three-sphere of radius a (Schleich 1985), the boundary conditions (10.3.3) were 
found to imply the eigenvalue condition (D'Eath and Esposito 1991a, Esposito 
1994a) 

F{E) = [Jn+i{Ea)]''-[Jn+2{Ea)]^ ^0 Vn > . (10.3.4) 

Although the boundary conditions (10.3.3) were the two-component spinor version 
of the boundary conditions (10.2.3), it was a non-trivial step, both technically and 
conceptually, to undertake the analysis of heat-kernel asymptotics with this class 
of local boundary conditions for the Dirac operator (see Falomir 1996 for the 
discussion of possible topological obstructions). Nevertheless, the result in D'Eath 
and Esposito 1991a (see also our appendix 10. A): 

C(0) = 3^ , (10.3.5) 
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later confirmed, independently, by several authors (Kamenshchik and Mishakov 
1993, Moss and Poletti 1994, Dowker 1996, Dowker et al. 1996, Kirsten and 
Cognola 1996), provided evidence in favour of local boundary conditions for the 
Dirac operator being admissible in a number of relevant cases. Note that, by 
requiring that Eq. (10.3.3) should be preserved under the action of the Dirac 
operator, one obtains the complementary condition (Esposito 1994a) 



(10.3.6) 



dM 



In other words, denoting by P_ and P+ two complementary projectors, where 



P± = ^(i±z75 7m^'') , 



(10.3.7) 



the boundary conditions (10.3.3) and (10.3.6) can be cast in the form 



dM 



= 



dM 



(10.3.8) 



(10.3.9) 



which is the form of mixed boundary conditions studied in section 5.4. 

Another important result was that, for a massless spin-^ field subject to non- 
local boundary conditions of the form described in section 6.1, one finds again 
the conformal anomaly (10.3.5) when the same flat background with boundary 
is studied. This result was obtained in D'Eath and Esposito 1991b by using the 
Laplace transform of the heat equation and, independently, by Kamenshchik and 
Mishakov (1992), who used instead the powerful analytic technique derived by 
Barvinsky et al. (1992). The result was non-trivial because no geometric formulae 
for heat-kernel asymptotics with non-local boundary conditions were available at 
that time in the literature. Thus, analytic methods for C(O) calculations were the 
only way to investigate such issues. 
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The current developments in one-loop quantum cosmology deal instead with 
mixed boundary conditions for gauge fields and gravitation, and with different 
quantization techniques for such fields. Since many topics are already studied in 
detail by Esposito et al. (1994a-b, 1995a-b, 1997), we prefer to focus, in the 
following section, on open problems. As one might expect, the main source of 
fascinating open problems lies in the attempts to quantize the gravitational field. 



10.4 Conformal Gauges and Manifolds with Boundary 



The recent attempts to quantize Euclidean Maxwell theory in quantum cosmo- 
logical backgrounds have led to a detailed investigation of the quantized Maxwell 
field in covariant and non-covariant gauges on manifolds with boundary (Espos- 
ito 1994a-b, Esposito and Kamenshchik 1994, Vassilevich 1995a-b, Esposito et al. 
1997). The main emphasis has been on the use of analytic or geometric tech- 
niques to evaluate the one-loop semiclassical approximation of the wave function 
of the universe, when magnetic or electric boundary conditions are imposed. In 
the former case one sets to zero at the boundary the tangential components 
of the potential (the background value of is taken to vanish), the real- valued 
ghost fields u and i/j (or, equivalently, a complex- valued ghost zero- form e), and 
the gauge-averaging functional ^{A): 



A, 



= , 



dM 



= 



dM 



(10.4.1) 

(10.4.2) 
(10.4.3) 



In the electric scheme one sets instead to zero at the boundary the normal com- 
ponent of A/j^, jointly with the normal derivative of the ghost and the normal 
derivative of Ak'. 



10 



J dM 
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(10.4.4) 



de/dn 



\dM 



= 



(10.4.5) 



dAk/dn 



J dM 



= 



(10.4.6) 



The boundary conditions (10.4.1)-(10.4.3) and (10.4.4)-(10.4.6) are found to be 
invariant under infinitesimal gauge transformations on A^, as well as under BRST 
transformations (Esposito et al. 1997). 

On the other hand, the gauge-averaging functionals studied in Esposito 1994, 
Esposito and Kamenshchik 1994, Vassilevich 1995a-b, Esposito et al. 1997, were 
not conformally invariant, although a conformally invariant choice of gauge was 
already known, at the classicalleYel, from the work of Eastwood and Singer (1985). 
It has been therefore our aim to investigate the quantum counterpart of the con- 
formally invariant scheme proposed in Eastwood and Singer 1985, to complete 
the current work on quantized gauge fields. For this purpose, we have studied a 
portion of flat Euclidean four-space bounded by three-dimensional surfaces. The 
vanishing curvature of the four-dimensional background is helpful to obtain a pre- 
liminary understanding of the quantum operators, which will be shown to have 
highly nontrivial properties. In our scheme, all curvature effects result from the 
boundary only. 

In flat Euclidean four-space, the conformally invariant gauge proposed in East- 
wood and Singer 1985 reads (hereafter 6, c = 0, 1, 2, 3) 



If the classical potential is subject to an inflnitesimal gauge transformation 



the gauge condition (10.4.7) is satisfled by ^Ai, if and only if / obeys the fourth- 
order equation 



where Q is the Q operator composed with itself, i.e. Q = 5'"''5''^'^VaVbVcVd. 



(10.4.7) 



fAb = Ab + Vbf 



(10.4.8) 



(10.4.9) 
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In the quantum theory via path integrals, however, one performs Gaussian 
averages over gauge functionals ^{A) which ensure that well-defined Feynman 
Green's functions for the V operator on A},, and for the ghost operator, actually 
exist (DeWitt 1981, Esposito et al. 1997). This means that the left-hand side 
of Eq. (10.4.7) is no longer set to zero. One defines instead a gauge-averaging 
functional 

^A) = \JV^Ab , (10.4.10) 

and the gauge-averaging term ^[$(^1)]^, with P a dimensionful and a a dimen- 
sionless parameter, is added to the Maxwell Lagrangian ^FabF°'^. A double in- 
tegration by parts is then necessary to express the Euclidean Lagrangian in the 
form ^AbV^'^Ac, where 

pbc^_^f,cg^^^_^g2^^f,^e _ (10.4.11) 

The operator V''^ is a complicated sixth-order elliptic operator, and it is unclear 
how to deal properly with it for finite values of a. However, in the limit as a ^ oo, 
it reduces to the following second-order operator: 

pbc ^ ^gbc^ ^ ybyc _ (10.4.12) 

This operator remains non-minimal, since the term V^'V'^ survives. In this par- 
ticular case, we still need to specify boundary conditions on Aj, and ghost pertur- 
bations. For this purpose, we put to zero at the boundary the whole set of Ajj 
perturbations: 

Ab] =0V6 = 0,1,2,3 , (10.4.13) 

I idM 

and we require invariance of Eq. (10.4.13) under infinitesimal gauge transforma- 
tions on Af). This leads to (hereafter r is a radial coordinate (Esposito et al. 
1997)) 

[e]dM = , (10.4.14) 
de/dr] =0 . (10.4.15) 

J dM 
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Condition (10.4.14) results from the gauge invariance of the Dirichlet condition 
on Ak, yk = 1,2,3, and condition (10.4.15) results from the gauge invariance 
of the Dirichlet condition on Aq. Note that it would be inconsistent to impose 
the boundary conditions (10.4.13)-(10.4.15) when the Lorentz gauge-averaging 
functional is chosen, since the corresponding ghost operator is second-order. 

When two boundary three-surfaces occur, Eqs. (10.4.14) and (10.4.15) lead 

to 

[£]ei = [£]e, = , (10.4.16) 
de/dr] ^Ide/dr] =0 . (10.4.17) 

When Eq. (10.4.10) is used, and the ghost operator is hence Q^, the four bound- 
ary conditions (10.4.16) and (10.4.17) provide enough conditions to determine 
completely the coefficients Ci , . . . , C4 in the linear combination 

4 
i=l 

where pi, ...,p4 are four linearly independent solutions of the fourth-order eigen- 
value equation 

□ V)='^£(A) ■ (10.4.19) 

We therefore find that, when the conformally invariant gauge functionals (10.4.10) 
are used, the admissible boundary conditions differ substantially from the magnetic 
and electric schemes outlined in Eqs. (10.4.1)-(10.4.3) and (10.4.4)-(10.4.6), and 
are conformally invariant by construction (with the exception of Eq. (10.4.15)). 

Had we set to zero at the boundary Aj^ {k = 1,2,3) and the functional 
(10.4.10), we would not have obtained enough boundary conditions for ghost per- 
turbations, since both choices lead to Dirichlet conditions on the ghost. The 
boundary conditions (10.4.13) are also very important since they ensure the van- 
ishing of all boundary terms resulting from integration by parts in the Faddeev- 
Popov action. In the particular case when the three-surface Si shrinks to a point. 
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which is relevant for (one-foop) quantum cosmofogy (Esposito et al. 1997), the 
boundary conditions read (here S is the bounding three-surface) 



A, 



V6 = 0,1,2,3 



J s 



(10.4.20) 



[£]e = , 



de/dT 



J E 



, 



(10.4.21) 



(10.4.22) 



jointly with regularity at r = of Ai^^e and Many fascinating problems are 
now in sight. They are as follows: 

(i) To prove uniqueness of the solution of the classical boundary-value problem 



[/]e, = [/]e. = , 



df/dr = df/dr 



= 



(10.4.23) 
(10.4.24) 
(10.4.25) 



(ii) To study the quantum theory resulting from the operator (10.4.11) for finite 
values of a. Interestingly, the Feynman choice a = 1 does not get rid of the 
sixth-order nature of the operator P^"^. 

(iii) To evaluate the one-loop semiclassical approximation, at least when V'^^ re- 
duces to the form (10.4.12) in the presence of three-sphere boundaries. The ghost 
operator is then found to take the form 



3 d 



□ = — + -— + 



2/^2 Id 



V dr'^ T dr 



+ 



(10.4.26) 



With a standard notation, we denote by | the operation of covariant differentiation 
tangentially with respect to the three-dimensional Levi-Civita connection of the 
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boundary (see section 5.2). If one expands the ghost perturbations on a family of 
three-spheres centred on the origin as (Esposito 1994a-b) 

oo 
n=l 

the operator (10.4.26), jointly with the properties of scalar harmonics, leads to the 
eigenvalue equation (of. Eq. (10.4.19)) 

d'^Sn ^ 6 d^Sn (2?l2 - 5) d'^Sn 



dr^ T dr^ dr'^ 

(^"^ + ^)*" + f(^-A„l.„ = . (10.4.27) 



dr \ 

This equation admits a power-series solution in the form 



£n(r) ^tpY, Kk{n, k, A,)t^ . (10.4.28) 

fe=0 

The values of p are found by solving the fourth-order algebraic equation 

- 2(r? + l)p^ + (r? - 1)^ = , (10.4.29) 

which has the four real roots ±(n ± 1). Moreover, the only non- vanishing bn^k 
coeflBcients are of the form bn,Ak, Vfc = 0, 1, 2, and are given by (assuming that 
bnfi has been fixed) 

6n,. = ^^^^, Vi = 4,8,12,... , (10.4.30) 

F{l,n,p) 

where we have defined (Vfc = 0, 1, 2, ...) 

F{k,n,p) = {p + k){p + k - l){p + k - 2){p + k - 3) 

+ 6(p + k){p + k-l){p + k-2)- (2r? - 5)ip + k)ip + k - 1) 
-{2n^ + l){p + k) + {n'^ -if . (10.4.31) 
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As far as we can see, the solution (10.4.28) can be expressed in terms of Bessel 
functions and modified Bessel functions of order n (cf. section 3.5 of Magnus et 



(iv) To include the effects of curvature. As shown in Eastwood and Singer 1985, 
if the background four-geometry is curved, with Riemann tensor -R^^cd' 
formally invariant gauge-averaging functional reads (cf. Eq. (10.4.10)) 



It would be interesting to study the (one-loop) quantum theory, at least when 
ct — s> cxD, on curved backgrounds like 5"*, which is relevant for inflation (Esposito 
et al. 1997), or S"^ x S"^, which is relevant for the bubbles picture in Euclidean 
quantum gravity, as proposed in Hawking 1996. 

To our knowledge, the form (10.4.11) of the differential operator on perturba- 
tions of the electromagnetic potential in the quantum theory, the boundary con- 
ditions (10.4.13)~(10.4.15), and the analytic solution (10.4.28)-(10.4.31) for ghost 
basis functions are entirely new. Thus, quantization via path integrals in con- 
formally invariant gauges possesses some new peculiar properties, which are now 
under investigation for the first time. This, in turn, seems to add evidence in favor 
of Euclidean quantum gravity having a deep influence on current developments in 
quantum fleld theory (Esposito et al. 1997). 



This section, motivated by the previous example of the conformal gauge for 
Maxwell theory, is devoted to a brief review of some key properties of conformally 
covariant operators. An important example is provided by the Paneitz operator. 
The framework for the introduction of such operator (Paneitz 1983) is a Rie- 
mannian manifold (M, g) of dimension m > 3 with Riemann curvature R, Ricci 



al. 1966). 




(10.4.32) 



10.5 Conformally Covariant Operators 



178 



curvature p and scalar curvature r. Denoting by d the exterior derivative, and by 
5 its formal adjoint, the Laplace operator on scalar functions reads 



A = 5d . (10.5.1) 
Moreover, one can consider (Branson 1996) 



r 



J=— , (10.5.2) 

2(m - 1) ^ ' 

F^^^-M , (10.5.3) 
(m-2) ' ^ ' 

T={m-2)J- AV- , (10.5.4) 

Q= -2| F |V AJ . (10.5.5) 
The operation V- is defined by 

{v-^)^^Vl^, , (10.5.6) 

while \ V \ = V Vcd, with the indices a, b, c, d ranging from 1 through m. The 
Weyl tensor, i.e. the part of Riemann which is invariant under conformal rescalings 
of the metric (and such that all its contractions vanish) can be therefore expressed 
as 

C 6cd = R%cd + Vbc - Vm 51 + VI - VI 9m • (10.5.7) 
The Paneitz operator is, by definition, the following fourth-order operator: 

P = A^ + (5rd+ ^^~^^ g . (10.5.8) 



This operator is conformally covariant in that, if the metric is rescaled according 
to (cf. (5.3.1)) 

9u. = e"^ go , (10.5.9) 
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with uj e C°°(M), then P rescales as 

= e-K+4)'^/2 Jg(m-4)a;/2j ^ (10.5.10) 

where square brackets are used to denote a multiphcation operator, [F], for any 
F e C°° (M) . Indeed, there is an analogy with the construction of the conformal 
Laplacian, defined by 

y = A + ^^^^J , (10.5.11) 
which is conformally covariant in that 



= e-(-+2)-/2 Yo 



g(m-2)a;/2 



(10.5.12) 



If ^ is a formally self-adjoint differential operator with positive-definite lead- 
ing symbol, its order can only be an even number, say 21 > 0. For a smooth 
function / G C°°(M), the trace of fe~^-^ has an asymptotic expansion as 
t 0+ (of. section 5.2) 

TTL^f/e"*^) ~ fU^[A]dv , (10.5.13) 

^ ^ fe=o 

where dv is the Riemannian measure on M, and the Uj[A\ are invariants con- 
sisting of a polynomial in the total symbol, whose coefficients are smooth in the 
leading symbol (Branson 1996). Since M is here assumed to be a manifold with- 
out boundary, C/a;[^] vanishes for all odd values of k. The condition of conformal 
covariance for the operator A is that, under the conformal rescaling (10.5.9), A 
rescales according to the relation 

A^ = e-^^ Ao [e"'^] , (10.5.14) 

for some real parameters a and h. 

For the Paneitz operator, the invariant Ua[P] is expressed, after introducing 

^m)^ 720(m^-4)(4.)-/^I||^^|/| , (10.5.15) 
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by (Branson 1996) 

1 



AJ+-(m-4)J 



U4P] = u-\m) |-(m-8)(m + 4)(m + 2)(m-12) 

+(m-8)(^m3 -52m-24^Q + 2(m^ -4)1 C 1^} . (10.5.16) 

In general, if A is conformally covariant, or a power of such (Eastwood and 
Rice 1987, Baston and Eastwood 1990, Graham et al. 1992, Branson 1995), the 
number of negative eigenvalues (counted, of course, with their multiphcity) , and 
the multiphcity of as an eigenvalue, are conformal invariants. One can then 
define the determinant of A by 

-log|det^|=C^(0) , (10.5.17) 

with 

sign det A = number of {Afc = 0} , (10.5.18) 
where Ca{s) is the analytic continuation to the complex plane of 



One can then study det A as a functional on the conformal class determined by 
the rescalings (10.5.9), by virtue of the relation 

Cl(0)-C;.o(0) = -log^ . (10.5.19) 

The problem of finding the extremals of the functional determinant within a con- 
formal class is now under intensive investigation (Branson 1996). 

Another important reference on conformal geometry and conformally covari- 
ant operators is the work by Parker and Rosenberg (1987). More recent develop- 
ments are described in the work by Avramidi (1997), where the author has stud- 
ied the structure of diagonal singularities of Green functions of partial differential 
operators of even order acting on elements of C°°{V, M), i.e. smooth sections 
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of a vector bundle V over a Riemannian manifold M. In particular, the work 
in Avramidi 1997 has investigated operators obtained by composition of second- 
order operators of Laplace type (cf. our section 10.4). Interestingly, singularities 
of the corresponding Green functions have been expressed in terms of heat-kernel 
coefficients. 

10.6 Euclidean Quantum Gravity 

The main physical motivations for studying the problem of a quantum theory 
of gravity (as far as the author can see) are as follows. 

(i) Gravity is responsible for the large-scale structure of the universe we live in, 
and Einstein's theory of general relativity provides a good model of space-time 
physics, satisfying both mathematical elegance and agreement with observations 
(Hawking and Ellis 1973, Hawking 1979). 

(ii) The formalism of quantum field theory, despite the lack of a rigorous mathe- 
matical setting, has led to many exciting developments in the quantum theory of 
the electromagnetic field and Yang-Mills fields, leading in turn to new results in 
mathematics (Donaldson and Kronheimer 1990, Freed and Uhlenbeck 1995). 

(iii) The application of perturbative or non-perturbative methods to the quan- 
tization of Einstein's gravity, or of its supersymmetric version, has shown that 
formidable technical problems always emerge at some stage, possibly pointing out 
that all known ideas and methods lead to a mathematically inconsistent formula- 
tion of quantum gravity (DeWitt 1965, Hawking 1979, van Nieuwenhuizen 1981, 
Ashtekar 1988, Ashtekar 1991, Esposito 1994a, Esposito 1995, D'Eath 1996, Es- 
posito et al. 1997). 

Nevertheless, decades of efi'orts by thousands of scientists from all over the 
world do not seem to have been useless. For example, one knows that the effec- 
tive action provides, in principle, a tool for studying quantum theory as a theory 
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of small disturbances of the underlying classical theory, as well as many non- 
perturbative properties in field theory (Jona-Lasinio 1964, DeWitt 1965, DeWitt 
1981, Esposito et al. 1997 and references therein). The basic object of a space-time 
covariant formulation of quantum gravity may be viewed as being the path-integral 
representation of the (out | in) amplitude (Hawking 1979), which involves the con- 
sideration of ghost fields which reflect the gauge freedom of the classical theory 
(see Esposito et al. 1997 and the many references therein). In particular, what 
seems to emerge is that the consideration of the elliptic boundary-value problems 
of quantum gravity sheds new light on the one-loop scmiclassical approximation, 
which is the "bridge" in between the classical world and the as yet unknown (full) 
quantum theory (Gibbons and Hawking 1993, Esposito et al. 1997). We shall 
thus focus on this part of the quantum gravity problem, i.e. the boundary condi- 
tions on metric perturbations, when a Riemannian four-manifold with boundary 
is considered (this may be a portion of flat Euclidean four-space, or part of the de 
Sitter four-sphere, or a more general curved background). To begin, let us assume 
that spatial components of metric perturbations, say h^j, are set to zero at the 
boundary: 

= . (10.6.1) 

dM 

Of course, this is suggested by what one would do in linearized theory at the 
classical level. A basic ingredient in our analysis is that Eq. (10.6.1) should 
be preserved under inflnitesimal diffeomorphisms on metric perturbations. Their 
action on hij reads (Esposito et al. 1995b, Avramidi et al. 1996, Esposito et al. 
1997) 

'^hij = hij + + KijipQ , (10.6.2) 

where (fi,dx^ is the ghost one-form. It is thus clear that, if the extrinsic-curvature 
tensor does not vanish, a necessary and suflicient condition for the preservation 
of the boundary conditions (10.6.1) under the transformations (10.6.2) is that the 
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following boundary conditions should be imposed on the normal and tangential 
components of the ghost one-form: 



= 



JdM 



(10.6.3) 



dM 







(10.6.4) 



At this stage, the remaining set of boundary conditions on metric perturbations, 
whose invariance under infinitesimal diffeomorphisms 



'^hab = hah + V(o (^6) 



(10.6.5) 



is again guaranteed by Eqs. (10.6.3) and (10.6.4), involves setting to zero at the 
boundary the gauge-averaging functional, say (^a{h), in the Faddeev- Popov action 
for Euclidean quantum gravity (Esposito et al. 1997). What happens is that, 
under the transformations (10.6.5), one finds 



(10.6.6) 



where J^^ is the ghost operator. If now the ghost one- form is expanded into 
a complete set of eigenfunctions of J^^, say which obey the eigenvalue 

equations 

•^a' ^ = A /i") , (10.6.7) 

the boundary conditions 



dM 



(10.6.8) 



turn out to be invariant under (10.6.5) if and only if 



J a 



(A) 



Va = 0,1,2,3 , 



(10.6.9) 



which implies in turn that (10.6.3) and (10.6.4) should hold, bearing in mind that 



(10.6.10) 
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where C\ are some constant coefficients. 

In particular, if a covariant gauge-averaging functional of the de Bonder type 
is used, i.e. 



the boundary conditions (10.6.8) lead to normal and tangential derivatives of the 
normal components n°"n'^hab and n^habi where denotes the inward-pointing 
normal to the boundary of M. 

In geometric language, one can say that metric perturbations hab are sections 
of the vector bundle V of symmetric rank- two tensors on M. On using the tensor 
field Qab occurring in Eq. (5.2.9), one can define the projection operator (Avramidi 
et al. 1996, Moss and Silva 1997) 



and the boundary operator corresponding to (10.6.1) and (10.6.8) may be split as 
the direct sum (cf. (5.4.2)) 



where Bi is proportional to n^^° , and takes into account the boundary conditions 




(10.6.11) 



TT = „c d 



(10.6.12) 



(10.6.13) 



(cf. (10.6.1)) 



n 




J dM 



= 



(10.6.14) 



while B2 reads (Avramidi et al. 1996, Avramidi and Esposito 1997) 



(10.6.15) 



The correct way to interpret V^r* in (10.6.15) is via the Leibniz rule 




With our notation, H is the metric on the bundle V, while F* and S are endomor- 
phisms of V. Their form is analyzed in detail in Avramidi et al. 1996, Avramidi 
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and Esposito 1997. Thus, it is not repeated here, where the emphasis is instead 
put on some quahtative features. First, note that, if H is replaced by the iden- 
tity matrix, the operator in square brackets in (10.6.15) reduces to the form first 
studied in McAvity and Osborn 1991b: 

B = VAr + ^(rVi + Vir) +5 . (10.6.16) 

At this stage, it is aheady clear that tangential derivatives lead to a highly non- 
trivial "invariance theory" (Gilkey 1995). More precisely, we know from section 
5.2, which relies in turn on Weyl's theory of the invariants of the orthogonal 
group (Weyl 1946, Gilkey 1995), that the integrand in the general formulae for 
interior terms in heat-kernel asymptotics is a polynomial which can be found using 
only tensor products and contraction of tensor arguments. Thus, by virtue of 
(10.6.16), it is clear that the integrand in the boundary term in (5.2.18) should be 
supplemented by 

since this is the only local invariant which is linear in the extrinsic curvature and is 
built from contractions of Kij with r\ The resulting ai coefficient can be denoted, 
for clarity, by ai{f,P,B), where P is an operator of Laplace type (see (5.2.1)). 

Similarly, to obtain the form of as/2{f,P,B) one has to consider, further to 
the invariants occurring in (5.2.19), all possible contractions of the matrices F* 
with geometric objects of the form [K being the second fundamental form of the 
boundary) 

fK^ , fKS , fVK , fVS , fR , fn , f,NK . 

As shown in Avramidi and Esposito 1997, this leads to 11 new invariants in the gen- 
eral formula for a^/2if, P,^)- The number of such invariants is rapidly increasing 
for higher-order heat-kernel coefficients, and the same method shows that 68 new 
invariants contribute to a2{f,P,B) (Avramidi and Esposito 1997). It should be 
stressed that this property only holds if F* is covariantly constant with respect to 
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the induced Levi-Civita connection of the boundary (McAvity and Osborn 1991b, 
Avramidi and Esposito 1997): 



= 



(10.6.17) 



and if F* commutes with both S and F^: 



r,s =0 



(10.6.18) 







(10.6.19) 



Under these assumptions, the boundary operator reduces to 



(10.6.20) 



Moreover, all the invariants contributing to interior terms are weighted by univer- 
sal functions, rather than the universal constants of section 5.2. By this we mean 
functions which depend on the local coordinates on the boundary, whose depen- 
dence on F* is realized by means of functions of F^ = FjF*. Hence they are not 
affected by conformal rescalings of the metric, and their contribution to conformal 
variation formulae is purely algebraic. This point was not appreciated in McAvity 
and Osborn 1991b, but is investigated in detail in Avramidi and Esposito 1997. 
Nevertheless, many unsolved problems remain. They are as follows. 

(i) The functorial method is, by itself, unable to determine all universal functions. 
Since tangential derivatives occur in the boundary operator (10.6.20), the univer- 
sal functions obey an involved set of equations. What is lacking at present is a 
systematic algorithm for the generation of all such equations. This achievement, 
jointly with the conformal variation formulae in Avramidi and Esposito 1997, 
should lead in turn to a complete understanding of heat-kernel asymptotics with 
the generalized boundary operator (10.6.20). 

(ii) Euclidean quantum gravity, however, needs much more, since, with Barvinsky 
boundary conditions (Barvinsky 1987, Esposito et al. 1995b, Avramidi et al. 
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1996, Esposito et al. 1997), the boundary operator is expressed by the direct sum 
(10.6.13), with B2 given by Eq. (10.6.15). As shown in Avramidi and Esposito 

1997, the condition (10.6.19) no longer holds in this case, and hence an infinite 
number of universal functions seems to contribute to the heat-kernel coeflacients 
ak/2{f,P,l3),ioj:al\k>2. 

(iii) Barvinsky boundary conditions turn out to be a particular case of the most 
general set of BRST-invariant boundary conditions, derived recently by Moss and 
Silva (1997). The heat-kernel asymptotics corresponding to Moss-Silva boundary 
conditions remains unknown. In particular, it is unclear whether the existence 
of infinitely many universal functions is a generic property of Euclidean quantum 
gravity on manifolds with boundary. 

(iv) At the mathematical level, there is also the non-trivial problem of heat-content 
asymptotics with the boundary operators (10.6.13), or (10.6.16) or (10.6.20). 
Within this framework, for a given smooth vector bundle V over M, with dual bun- 
dle V*, denoting by (•, •) the natural pairing between V and V*, with /i e C°°{V) 
and /a G C~(F*), one defines (see (5.2.1)) 

7(/i,/2,P,S)(t) = (e-*^/i,/2)z.2 , (10.6.21) 

where B is the boundary operator. Following van den Berg and Gilkey 1994 and 
Gilkey 1995, one knows that, as t ^ 0+, 7 has an asymptotic expansion 

00 

7(/i,/2,P,5)~ J]t^/2 7fc(/i,/2,P,5) . (10.6.22) 

For Dirichlet or Neumann boundary conditions, there exist local invariants such 
that 

7fc(/i, /2, P, B) = ^t'\fu /2, P)[M] + 7r^(/i, /2, P, B)[dM] . (10.6.23) 

This corresponds to the (physical) problem of finding the asymptotic expansion of 
the total heat content of M for a given initial temperature. However, the invari- 
ants contributing to Eq. (10.6.23) when the boundary operator B coincides with 
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(10.6.13), or (10.6.16), or (10.6.20) or with the Moss-Silva boundary operators, 
have not yet been studied. 

From the point of view of theoretical physics, these investigations remain very 
valuable, since they show that, upon viewing quantum field theory as a theory 
of small disturbances of the underlying classical theory (DeWitt 1965, DeWitt 
1981, Esposito et al. 1997), the problem of finding the first non-trivial corrections 
to classical field theory is a problem in invariance theory, and the result may be 
expressed in purely geometric terms. Whether this will be enough to begin a (new) 
series of substantial achievements in quantum gravity, is a fascinating problem for 
the years to come. 



10. A Appendix 



The structure of the ({0) calculation resulting from the eigenvalue condition 
(10.3.4) is so interesting that we find it appropriate, for completeness, to present a 
brief outline in this appendix, although a more extensive treatment can be found 
in D'Eath and Esposito 1991a, Esposito 1994a, Esposito et al. 1997. 

The function F occurring in Eq. (10.3.4) can be expressed in terms of its 
zeros jii as (7 being a constant) 



(lO.yl.l) 



Thus, setting m = n + 2, one finds 



jl-lix)-jUx) = j'J+(^-l)j^ + 2'^JmJ'm . (10.A2) 

Thus, on making the analytic continuation x ^ ix and then defining am = 
y/m^~-\-~x^, one obtains 



log 



{^x)-'^-'^{Jl_,-Jl){^x) 



log(27r) + log(Q;rn) + 2Q;r 



2mlog(m + am) + log(S) . (10.A.3) 
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In the asymptotic expansion (10. A. 3), log(E) admits an asymptotic series in the 
form 



log(E) 



, , ^ Ai A2 A3 
log(co) + — + ^ + -3- + ... 



<^m (^m 



(10.A.4) 



where, on using the Debye polynomials for uniform asymptotic expansions of Bessel 
functions (Olver 1954), one finds (hereafter, t= ^) 



co = 2(l + t) , 



(10.^.5) 



r=0 



r=0 



r=0 



where 



kiQ = --^ kii = ^12 = 



k20 = /C21 = -\ k22 = /C23 = ^ ^24 = ~ 
o 00 



C30-— ^31--- ^32-— /C33-- 
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(10.A.6) 



(10.^.7) 
(10.^.8) 
(10.A.9) 
(lO.A.lO) 



The corresponding (^-function at large x (Moss 1989) has a uniform asymptotic 
expansion given by 



Qr 



X 



-2-n 



(lO.A.ll) 



n=5 



where, defining 



Si{m,amix)) = -\og{7r) + 2am , 
S2{m, ajn{x)) = -(2m - 1) log(m + a^) 



(10.yl.l2) 
(10.A.13) 



53(771, am{x)) = X kir rrfa^ ^ , 



r=0 



(10.yl.l4) 
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54 (m, am{x)) = ^2 ^2r rrfa~ 



r-2 



r=0 



r-3 
m 1 



r=0 



Woo can be obtained as 



oo 



oo — X \m -m 

m=0 



1 d 

2x dx 



.i=l 



S'j(m,arn(a;)) 



(10.A.15) 



(10.A.16) 



(10.^.17) 



The resulting C(O) value receives contributions from 82., S4 and only, and is 
given by 



r=0 



r=0 



11 

360 



(10.A.18) 



Of course, for a massless Dirac field, the full C(O) is twice the value in (10. A. 18): 



CDirac(O) 



11 

180 



(10.A.19) 



Remarkably, the same C(O) values are found for a massless spin- 1/2 field in a 
four-sphere background bounded by a three-sphere. The detailed derivation of 
this property can be found in Kamenshchik and Mishakov 1993, jointly with the 
analysis in the massive case. 
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